Sub-Gaussian Concentration
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1 Sub-Gaussian Random Variables

1.1 Moment-Generating Function and Chernoff Bound

In probability theory, the moment-generating function is an alternative characterization of probability distri-
butions. The k-th moment of a distribution can be obtained by evaluating the k-th derivative of its moment-
generating function at 0, as is implied by the nomenclature. In contrast to characteristic functions, the
moment-generating function of a distribution does not necessarily exist. (As a counterexample, consider a

standard Cauchy distribution with density m, —00 < x < 00.)

Definition 1.1 (Moment-generating function, MGF). Let X be a real-valued random variable such that
E[e!X] exists in some neighborhood of 0, i.e. there exists b > 0 such that E[e!X] < oo for ¢t € (—b,b). The
moment-generating function (MGF) of X, denoted by Mx, is defined as

My (t) := E[e'¥].
We also define the centered MGF as
M (t) := E[eXEX] = e 7 EX D1 (1),

It can be verified that the existence of first-moment EX is ensured by the existence of MGF.

In practical situations, we may wonder if our sample properly depicts the population. In other words, we
are interested in the probability that a variable falls in the tail of a distribution. Applying Markov’s inequality
to the integrand in MGF, we can attain the Chernoff bound:

Lemma 1.2 (Chernoff bound). Suppose that Mx (t) < oo for allt € R. Then for all € > 0, we have
P(X —EX >¢) < M¥(t)e ', vt > 0.
To obtain a tight bound, take the infimum of RHS:

P(X —EX >¢) < inf My (t)e ™.

As an example, we focus on the Chernoff bound of a Gaussian variable Z ~ N(0,0?). The MGF of Z is

1 2 t20?
M7 (t) = /et%mdz = exp (;) .

2ro

And we get the bound

. t20? €
P(Z > ¢€) < inf exp (2 - te) = exp <_W> . (1.1)

>0



1.2 Sub-Gaussian Random Variables

From the above discussion, we can conclude that if a random variable X satisfies M% (¢) < exp (t202 / 2)
uniformly, then a decay rate in form of (|1.1)) can be obtained. This motivates the definition of sub-Gaussian

random variables.

Definition 1.3 (Sub-Gaussian random variable). Let ¢ > 0. A random variable X with mean y = EX is said
to be sub-Gaussian with variance proxy o2 (or o?-sub-Gaussian), if

t?0?
M (t) = E[e"X 1] < exp <2> , Vt e R.

By definition, any o2-sub-Gaussian random variable is also p?-gaussian for any p > o. This definition
generalizes Gaussian tail bounds to non-Gaussian variables on the MGF condition. Nevertheless, there are

several equivalent characterizations of sub-Gaussianity. This is an exercise in Handel’s book, chapter 3.

Theorem 1.4 (Characterizations of sub-Gaussian variables). Let X be a centered random variable, i.e.,
EX = 0. Then the following statements are equivalent:
(i) (MGF condition). There is a constant o > 0 such that

t20?
E[e™] < exp <2> , Vvt eR. (1.2)

(i) (Tail bound condition). There is a constant p > 0 such that

2
P(IX| > ) < 2exp (—;2) , Ve > 0. (1.3)
p

oo (22)] <2 ”

(iv) (Moment condition) There is a constant 6 > 0 such that

(i4i) There is a constant v > 0 such that

|
E[X?*] < %92k7 Vk € N. (1.5)

Proof. (i) = (ii): Fix € > 0. For any ¢ > 0, we have

1
PX>¢ =P (etX > e*“) < etEE[etX] < exp (215202 — te) .

Setting t = €/0? implies P(X > €) < exp (—62/20'2) . By applying similar calculation to —X, we can obtain
P(X < —e) < exp (—€%/20?), and the result (1.3) immediately follows for p = o.

(ii) = (iii): Suppose (1.3) holds for p > 0. We will use the following fact, if ¥ is an random variable that is

almost surely non-negative and has distribution F, and ¢ is a differentiable increasing function, then

Bl = [ stare = [ (o0 + [ otaac)arq)
o)+ [ [ #@arae= o0+ [P 2 a6 de
0 t 0



Set Y = X2. For any v > p, we have

X2 <1 € 9
E {exp <21/2)] = 1—|—/0 2, &XP (2—2> P(X* > €)de
1 2p?
<1+7\/ exp{ <2y22p>}d6_1+y2—p2’ (16)

where the inequality follows from (1.3). Then we can attain (1.4)) by setting v = v/3p in (1.6).
(iii) = (iv): Note that e* > 1 + 2*/k! for z > 0 and k € N, we have

2 2k
QZE{eXp(;(ﬂ)} 21+M

2ky2k 1

Then

|
E[X?¥] < (2k)!I2F < (2k + 1)1 = (;kklg,' (2k + 1)

and (1.5]) follows for 6 = NE

(iv) = (i): Let X’ be an independent copy of X and Y := X — X’. Then Y is symmetric, and the odd moments
vanish:

i tkE[Yk] B 0 t2kE[Y2k]

E[etY] = = S — (1.7)
| |
P k! = (2k)!
For any k € N, we have the c¢,-inequality:
Y2 = (X — X')% = 92k X, —X\ <2k (Lyon 1(—X’)2’“
2 2 - 2 2 ’
1 1
E[Y%} < 22k <2E[X2k] + QE[(X/)WC]) —_ QQkE[X2k].
Plug in to , we have
&0 2t 2kE X2k &0
Z < exp (2t292) .
k=0 =0
Since EX = 0, we have
Ele'X] = E[e'* '] < E[e! X=X = E[e'Y] < exp (2t262) .
Then (|1.2)) holds for o = 26, and we finish the proof. O
Proposition 1.5 (Sub-Gaussian vector). Suppose Xi,---, X, are independent sub-Gaussian variables with
variance proxy o2. Then for any u € R™ with |lullz = 1, XTu is 02-sub-Gaussian, where X = (X1, ,X,) "

is said to be a o?-sub-Gaussian vector.
Proof. By direct calculation

n n 2,2 2 221,112 2,2
tXTu} _ tuiXi] < tuio _ 2o |ul| _ t“o
E[e ”E[e ]_”exp( 5 exp 5 exp > . O

i=1 i=1




1.3 Illustrative Examples

The sub-Gaussian family contains a wide range of random variables, such as Gaussian variables, Rademacher

variables and bounded variables.

Proposition 1.6 (Rademacher variables are sub-Gaussian). Let X be a Rademacher random variable, i.e.
P(X =1)=P(X =—-1) =1/2. Then X is 1-sub-Gaussian.

t —t oo oo
Proof. For all t € R, we have E[e¥] = % = Z 2h)! < Z REl = el /2. O
Lemma 1.7 (Hoeffding’s lemma). Suppose X is a random variable such that P(X € [a,b]) = 1. Then X is a

sub-Gaussian variable with variance prozy (b — a)?/4.

Proof. This proof is adapted from Handel’s notes. Without loss of generality, let EX = 0. Use exponential
tilting. Fix ¢ € R. For any Borel set B € B(R), define P, : B(R) — R as

E[e1ixen]

Pt(B) = E[etX]

It can be verified that P; is a valid probability measure on R. Let random variable U; ~ P;. Using simple

approximation theorem, we have for any measurable function f that

E[e™* f(X)]

E[f(Ut)] = E[etx]

Now we investigate the logarithmic MGF 1 x (t) = log E[e!X]. Using the interchangeability of derivative and

integral (dominated convergence theorem), we have

E[XetX] E[X2e!X] 3 <E[XetX]

’(/)3((75) = W = E[Ut]a 5 (t) = E[etx] E[etx] ) = Var(Ut)' (18)

By definition, P(U; € [a,b]) = P;([a,b]) = 1, hence

(Ut—“;bf g(b;C‘)z. (1.9)

Var(Uy) = E[(U; — EU,)?| = igﬂgE[(Ut —¢)? <E

Using (1.8 and (1.9)), we can bound v x as follows:

Ux(t) = ¥x(0) +/Ot (w;(an +/Os wsz<u>du> ds < / / (b;a>2duds - 2e—a?

Thus we complete the proof. O




2 Gaussian Concentration

2.1 Entropy and Sub-Gaussianity

Definition 2.1 (Entropy). For a non-negative random variable Y, the entropy of Y is defined as
Ent(Y) =E[Y1ogY] — EY log(EY).

For a random variable X, the following lemma has established the connection between the entropy of e*¥

and sub-Gaussianity.
Lemma 2.2 (Herbst). Suppose that random variable X satisfies

202

Ent(e™) = E[tXe'*] — E[e'*]log E[e!] < T1E[e”<], vt € R. (2.1)

Then X is o2-sub-Gaussian. Conversely, if X 1is %z-sub-Gaussian, then it satisfies (2.1)).
Proof. (i) Let 1 = EX, and define function ¢ : R\{0} — R, ¢ — 1 log E[e!(*~#)], then

dy TE[(X — p)et™X=m] 1 wx—py _ LEXeX] 1 ix, 02
_— = — _—— = - — < _—
=7 E[etX—1)] 72 1o Ele =3 EeiX] 2 %8 Ee] <3

We can complete ¢ on R by redefining ¢(0) = lim;_,0 ¢(t) = 0. Then ¢(t) — to?/2 is non-increasing on R, and
X is o2-sub-Gaussian: 5 o 5 o
t 4
log E[e] — —— = tio(t) - —— < 1p(0) = 0.

2

(ii) Suppose X is Z--sub-Gaussian, and define Z = X /E[e"X]. To prove (2.1), it suffices to show that

t2 2
E[Zlog Z] < TU

Suppose Z ~ F. Since Z is non-negative and EZ = 1, we can define a new probability measure G such that
dG(z) = 2dF(z). Then by Jensen’s inequality, we have

E[ZlogZ]) = /zlog 2dF(z) = /log 2dG(z) < log (/ sz(z)) = log E[Z?].

Furthermore, note that E[e!X—#)] > BtX =] = 1 we have Z < !X ~#) and

2 2.2 t2 2
E[Z10g 7] < logE[2%] < log E[e*(X~] < { )80 =TU,

where the last equality follows from the sub-Gaussianity of X. Hence we conclude the proof. O

2.2 Lipschitz Function of Gaussian Variables

Before we proceed, we first introduce a logarithmic Sobolev inequality
Lemma 2.3 (Gaussian log-Sobolev inequality). Let du(z) = (27)"5e~21*Idz be the standard Gaussian
measure on R™. Let f : R™ — R be a smooth function such that f >0 and f € L*(u). Then

L[V
flog fdp < 5 dpt+ {1 Fll 2o oy og 1F 1L - (2:2)
Rn 2 Rn f



Proof. The proof is based on the semigroup theory for heat kernels. Given any ¢ > 0, define P; by

1

_l=l? o) n
W - (l')e 4t dx, f S CO (R )

(Pif)(x) =

The generator for the semigroup (P,);>o is the Laplacian operator A, and P,Af = AP, f. Furthermore,

d

%Ps(Pt—sflog Pt—sf) = Ps [A(Pt—sflog Pt—sf) - (1 + log Pt—sf) APt—sf]
= P {(APt_sf) log P_sf +2VP,_,f - VP +P_sfV. VB-of (1+logP_sf) AP f
Ptfsf Ptfsf

_ |vpt—sf|2>
B Ps < Ptfsf .

By Cauchy-Schwarz inequality,

2
VP f|? = [PV f* < (P—|Vf])? < P, ('vf | ) Pi_.f

We use the fundamental theorem of calculus and the last two displays to obtain

t
Pi(flog f) — Piflog Pof — /O (P flog P f) ds
— ! ‘vpt—sf|2
_/0 P, (Ptsf )ds
t 2 2
o (o ()

Particularly, we taket = % and evaluate both sides at x = 0:

L[ vP
1 du — du 1 d — ——du.
[ 1oz /Wf uog</wf u)gQ/Rn - d

Therefore

1 Vf?
flog fdu< * / VI 4 1 108 12 -
R» 2 R™ f

Thus we complete the proof. O

Remark. We can understand (2.2) from an information-theoretic perspective. Define g = f/||f|[r1(,) and
dv = gdp, it can be verified that v is also a probability measure on R", and g = dv/dp is the Radon-Nikodym
derivative of v with respect to u. Moreover, (2.2)) can be written as

1 [|Vgl?
/M%WMS2/|?dM (2.3)

The LHS is the Kullback-Leibler divergence (or relative entropy) from p to v, and the RHS is half the relative
Fisher information:

dv 1 1
D (v||p) == /log (dp) dv < o / IV log g|* dv =: 5 Z@lm).

Therefore, this lemma gives an upper bound for the Kullback-Leibler divergence between v and p in terms of
their relative Fisher information.



Theorem 2.4 (Gaussian concentration). Let X ~ N(0,1I,), and let f : R™ — R be an L-Lipschitz continuous

function. Then f(X) is a sub-Gaussian variable with variance prozy L?.

Proof. Step I. Fix a smooth function h > 0 with ||[|11(,) = [ |k|dp > 0. By Theorem 2.3,

1 [|Vh]
/hloghd,u— ||h||L1(p) IOthHLl(H) < 5/%(?1/1. (2.4)

Suppose f € C°(R") and f is L-Lipschitz continuous. Fix ¢t € R and set h = e¢'f. By (2.4)), we have

2L2

Ent (/) < %E [ (x)P] < TR [e10)],

where the last equality holds because f is L-Lipschitz continuous. By Lemma 2.2, f(X) is L?-sub-Gaussian.

Step II. Now it remains to show that the conclusion holds for all L-Lipschitz f. (f is not necessarily differen-
tiable.) Choose a non-negative ¢ € C°(R™) such that supp(¢) C {z € R™ : ||z|| < 1} and [¢(z)dz =1, and
define ¢ () := 24 (Z) for € > 0. Then [ (z)dz = 1.

Fix € > 0, and define f. = ¢ * f : ¢ f’l/)e x —y)f(y)dy. Then f. € C°(R"), and f. is L-Lipschitz:

ful) — fula)] < / b)) f (@ — ) — F@ - v)|dy
< / be(w) L]z — 2 llody < Lz — 2.
Moreover, f. converges uniformly to f as € — O:

||f6 — flloo = sup |fe(z) — | = sup
rER™

z€R™

o=y )—f(w))dy‘

< sup /| ” Ye(x —y)L|ly — z||,dy < eL/ Ye(—y)dy = €L.
y—zl|2<e

z€R™ llyll2<e

Step III. Fix t € R. For any € > 0 and 2 € R™, we have e/ (®) < etfe(@)Hltlel Moreover, f. € C°(R") and f.

is continuous, then f.(X) is L?-sub-Gaussian. Therefore

212 t2L2
E {etf(X)} < infE [etfﬁ(x)} eltlel < inf exp ( + |t|eL> = exp < ) ,
e>0 e>0 2 2

which concludes the proof. O



3 Tail Bound for Means and Maxima

3.1 Hoeffding Bound

Proposition 3.1. Let X1,---, X, be independent sub-Gaussian variables with variance proxies o3, ,02.
Then
n 62

Proof. 1t can be easily verified that Y ., (X; — EX;) is a sub-Gaussian variable with mean 0 and variance
proxy Y., oZ. Then (3.1)) immediately follows from (1.3 in Theorem 1.4. O

Combining Lemma 1.7 and Theorem 3.1 gives the following Hoeffding’s inequality:

Theorem 3.2 (Hoeflding). Let X1,---,X,, be independent random variables such that P(X; € [a;,b;]) = 1
fori=1,--- n. Then

1 — 2n2e?
Pl—-) (Xi —EX;) > e Sexp{—n}-
(” ; ) Diz(bi —a;)?

This is an extremely concentration inequality in statistical learning theory.

3.2 Maximum of Sub-Gaussian Variables

Suppose we have n centered independent sub-Gaussian variables with variance proxy o2. A natural tail bound
for the maximum can be attained from the fact that {maxi<;<, X; > e} = U;_ {X; > €}

2
P ( max X; > e) < nexp (—262) . (3.2)
o

1<i<n
We can also bound the expected value as follows.

Theorem 3.3. Let X1, -, X, be independent o®-sub-Gaussian variables with mean zero. Then

E {max Xi] < o+/2logn.

1<i<n

Proof. Fix € > 0. By Jensen’s inequality, we have

1 1
E {max Xl} < —logE {exp (e max Xl)] < —logE
€ €

n
E eEXi
i=1

1<i<n 1<i<n
1 - €202 logn eo?
< -1 = —
<Lin(Som (7)) 2225
Then we conclude the proof by setting ¢ = v/2logn/o. O

An immediate corollary of this theorem is the Massart’s finite class lemma.

Lemma 3.4 (Massart). Let A be a finite subset of R™ and €1, - , €, be independent Rademacher variables.

Denote by r 4 = maxqe 4 ||al|2 the radius of A. Then we have

e L Z] _ ray/2log|A]

E

a€A N 4 n
=1




4 Tail Bound for Quadratic Forms

4.1 Gaussian Quadratic Forms

Lemma 4.1 (Hsu et al., 2012). Let Zy,--- , Z, be independent standard Gaussian variables. Fiz non-negative

vector a € R and vector B € R™. If0 <t < 2H0¢H , then

- S lleell3 + 118113/2
E |exp |t oziZZ-2 + B: Z; <ex (t all + ——2 12/ =) 4.1
o (13 43 p (sl + Cll £ 11 ()
Proof. Fix 0 <t < 2H0¢H ,and let n; =1/4/1 —2ta; >0 for i =1,--- ,m. Then
E [exp {ta»Z»2 + B»Z»}] = L /exp {— (1 — ta) 22+ 5»2} dz
144 144 \/% 2 i i
S
2,2
vl S Mills d
W/ { ( 67}) +26zm} z
= i €Xp (25127712>
=e —110 (1—2ta-)—|—B7i2 (4.2)
TP T8 Vo0~ 2ten) [ ‘
To bound (4.2)), note that
(oo}
21‘041 2tozz) 26202
—log(1 —2 = <2 =2 e 4.
og( ta) Z tay; + Z ta + T (4.3)
k=1 k=2
Combining (4.2) and (4.3 ., we have
202 + 522
E [exp (toh'Zi2 + BiZi)] < exp (tai + %)
t2a? 4+ B2/2
<o (1o + T2 4y
Summation of (4.4) from i =1 to m immediately yields (4.1)). O
4.2 Quadratic Forms of Sub-Gaussian Variables
In this subsection we introduce a tail bound for the quadratic form of sub-Gaussian vectors.
Theorem 4.2 (Tail bound for quadratic form). Let X1, -+, X, be independent sub-Gaussian variables with
mean 0 and variance prozy o2. Then for any positive definite matriz ¥ € R™ " and t > 0, we have
P (XTEX > o {tr(E) +2||%)|pVE + 2HZ||2t}) <et, (4.5)

where X = (X1,---,X,)" is the vector of sub-Gaussian variables.

Proof. Since ¥ is positive definite, it admits a spectral decomposition ¥ = QTSQ where Q € R™*" is an
orthogonal matrix and S = diag{p1, - ,pn} with eigenvalues p; > --- > p, > 0. Let Z be a vector of n

independent standard Gaussian variables. Then for any o € R™ and € > 0, we have

E [eZTO‘} = ellall3/2, (4.6)



Denote A = Q' S'/2Q. For any € > 0, define set E. = {x € R" : "%z > €} . Fix A > 0, we have
E [exp (A\ZTAX)] = / E [exp (AZTAX) |X = 2] dFx(x)
> / E [exp (A\ZTAX) |X = z] dFx(z)
E.

= / exp (;AQZTEZ) dFx (z) > exp (;ve) P(XTEX > e), (4.7)
E.

where the second equality follows from (4.6). Moreover,

E[exp (\ZTAX)] <E {exp (AZ;Q ZTEZ)] . (4.8)

Combining (4.7) and . 4.8]) yields

2.2

Mo
P(X'TESX >¢) <E {exp ( Z'%7 — A%ﬂ .
Define Y = @QZ, the orthogonality of @ implies that Y is also a vector of n independent standard Gaussian
variables, and ZTEZ =YT'SY =" piY? Let p=(p1, - ,pn) and v = A\?0?/2. By Lemma 3.1, we have

for 0 <~ < Mol= ” that

2 2
e el

PXTEX > o) < .
( = 6) > €xp < 2 ’Y“p”l 1 27”/)”

Let § =1 — 27]|p|lco with 0 < 6 < 1. Then

IP(XTEXZE)gexp{Q”;L)J( )(II HI**) Il (5+612)H.

2[[plloe

Let 5 —|plli = ((5— 1), we have

2
- 2[|pllo \ 02 - 4pllz. \ 6

Nowlett:%@_l— ) >0, that is, 6! =

P(XT2X > 0* {llolh +2lipll2vi + 2||puoot}) <e. (4.9)

Recall that py,-- -, p, are eigenvalues of X, we have ||p|l; = tr(2), ||pll2 = [|Z]|r and ||pllcc = ||X||2, and the
result (4.5) immediately follows from (4.9). O

The following corollary immediately holds by setting ¥ in Theorem 4.2 as the n-by-n identity matrix.

Corollary 4.3. Let X1,---,X, be independent sub-Gaussian variables with mean 0 and variance prozy o2.
Then for any t > 0, we have

P (ix} > o (n+2v/nk + 2t)> <e .
i=1

10



4.3 Application: Ordinary Least Square with A Fixed Design

We consider a fixed dataset D = {(z;,9;)}Y, C R x R from a linear model: y; = z] 8* + €;, where 8* € R?
and {¢;}Y, are independent o%-sub-Gaussian noises with Ee; = 0. The solution to the ordinary least square
(OLS) problem is

N N
B = argmin Z(yl —z; B2 =x"1 (Z xz%) )
i=1

BeRT 4

where ¥ = Y0 ;2] € R™?. In many cases, we are interested in the difference between our estimator 3 and

the true parameter g*.

Proposition 4.4 (OLS with a fixed design). Assume that ¥ is invertible, and 0 < 6 < 1. With probability at
least 1 — 9, we have

13— 8|2 < o? (d+ 2\/dlog(1/0) + 210g(1/5)) .

Proof. Denote by X = (x1,--- ,zy)’ € RV*? the covariate matrix, e = (e1,--- ,ey) ' the noise vector, and
Y = (y1, - ,yN)T = X 3* + € the response vector. Then we have ¥ = X ' X, and

18812 = XTY -8)"8(@ XY - 8) =" X2 'X e

Note that € is o?-sub-Gaussian, tr( XS 71X T) = d, | XS7'X T2 = d and [ XX !X ||z = 1, we can apply
Theorem 4.2 to any ¢t > 0:

P(TXSX ez 0? (44 2Vt +2t)) < e (4.10)
Then the result immediately follows from (4.10]) by setting ¢t = log(1/9). O

11



5 Application in Empirical process

5.1 Dudley’s Entropy Integral

Definition 5.1 (Sub-Gaussian process). Let {X; : f € F} be a collection of mean zero random variables
indexed by f € F, and let d be a metric on the index set F. Then {Xy : f € F} is said to be a sub-Gaussian

process with respect to d if
2 72
E I:et(Xf_Xg):| S exp {tdéf’g)} , vf’g c F.

That is, Xy — X, is sub-Gaussian with variance proxy d*(f, g).

Definition 5.2 (e-covering number/metric entropy). Let (F,d) be a metric space. For € > 0, a subset N; C F
is called a e-net of F, if F C UfeNE B(f,€), where B(f,¢€) is the open d-ball of radius € centered at f. The

e-covering number of F is the cardinality of the minimal e-cover of F, i.e.
N(e, F,d) = min{|N,|, N is an e-net of F}.

The following theorem can be seen as an extension of Theorem 3.3.

Theorem 5.3 (Dudley). Let (F,d) be a metric space, and suppose that D := sup; crd(f,g) < oo. Let
{Xs: f € F} be a stochastic process such that
(i) {Xys, f € F} is sub-Gaussian with respect to d, and
(i) {X¢, f € F} is sample-continuous, i.e., for each sequence {f,} C F such that lim,_,o d(fy, f) =0 for
some f € F, we have Xy, — X5 almost surely.
Then the expected supremum of {Xy, f € F} can be bounded with Dudley’s entropy integral:

E

D/2
sup Xf] <12 V1og N (e, F,d)de. (5.1)
0

fer
Proof. This proof uses Dudley’s chaining rule. Choose an arbitrary fo € F and set ¢ = D, then N, = {fo}
is a ep-net of F. Now we choose a sequence of minimal e-nets {N,} by setting ¢; := 277y for j =1,2,---.

For brevity, write Nj = N,. By definition of e-net, Vf € F, we can find f; € N such that d(f, f;) < ¢; for all
7 € N. Fixing m € N, we have

m

Xp=(Xy = Xp,)+ > (X, = Xpy) + X (5.2)
j=1
Note that both f; and f;_; are close to f, we have d(f;, fi—1) = d(f;, f) + d(f, fj—1) < 3¢;. Define a new
class H; = {(gj-1,9;) € Nj_1 x Nj : d(gj,95-1) < 3¢;}, j € N. We have |H;| < |N;_1[|N;| < NG|
Revisiting (4.4)), we have

E|sup X¢| <E sup (Xg — Xg) + Z max (ng - ng—l) + X7,
fer 9,9'€F, d(g,9")<em i1 (95-1.9)) €M,
=E sup Xy —Xg)| + E{ max Xy — Xg. )1, 5.3
9,9'€F, d(g,g’)Sem( ! v J; (95-1,95)€H,; ( 9 9 1) (5:3)

where the equality follows from E[Xy ] = 0. Since {X,, — Xy, |, (95-1,9;) € H;} are sub-Gaussian with

12



variance proxy 96?, it follows from applying Theorem 3.3 that

E [ maerj(ng - ng_l)} < 3€;4/2log [H;| < 6€;4/log |N;| = 12(€¢; — €j41)1/log N(ej, F, d). (5.4)

(95-1,95)

Plug in ) to , we have

+12) log N (¢;, F, d) de
j=1

€j+1

<E sup (Xqg— Xy
19:9'€F,d(g,9")<em

~—

E [sup Xy
feFr

<E sup (Xy— Xg)| + 122 \/logN (¢, F,d)de

|9:9'€F,d(g,9")<em €41

1
=E sup (Xy— Xg) +12/ V1og N(e, F,d) de. (5.5)
€Em+41

|9,:9'€F,d(g,9")<em

Let m — oo, then €,, — 0, and the first term in ((5.5)) converges to 0 by sample-continuity. Thus we obtain
the bound in (5.1)) provided that Dudley’s entropy integral exists. O

Remark (Absolute values in suprema). In some cases, we may be interested in the supremum of absolute value.
Note that

sup | Xy| = supr+sup( Xy) — sup Xy A sup(—Xy)

fer fer feF feF fer
=sup Xy + sup(—Xy) + inf XV inf (-X
sup Xy feg( 7)+ inf Xy v inf (—Xy)
< sup Xy + sup(—Xy) + inf (X5 V (—=Xy)) = sup Xy + sup(—Xy) + inf | Xy|.
feF feF fer feF feF fer

Then by applying Theorem 5.3 to both X and —X;, we have

E +E [sup(—Xy)

feF

sup | Xs|| <E
fer

X inf E|X
;up [ +]}I€1}_ | Xl

D/2

<24 V1og N(e, F,d)de + 1nf E|Xf\

We can also use the chaining rule to construct a tail bound for the supremum of a sub-Gaussian process.

Lemma 5.4 (Adapted from Lemma 3.2 of van de Geer 2000). Suppose (F,d) and {X;, f € F} are the metric
space and the stochastic process proposed in Theorem 5.3, the entropy integral in the RHS of exists, and
dfo € F such that Xy, = 0. Then there exist constants Cy,Cy > 0 depending only on F, such that for all
t > CoD, we have

t2 )
PlsupXs>t]| <Ciexp| ——=5—= | . 5.6
(feg r= >_ ' p( CiD? (56)

Proof. We inherit the definition of €¢; = D277, N; and H; from Theorem 3, with the crudest €y-net being
M = {fo}. Take Cj sufficiently large such that

t> 12Zej./2logw V6D>24D,/1ogﬁ. (5.7)

13



Inspired by (5.2) and (5.3), we choose a sequence {n;}32; such that E;il n; < 1. Then

PlsupXs2>t| <P max X, — X, ) >t n,;
(fef ! ) ;(gj—l,gj)eﬂj( 99 1) ; !

e} 00 242
it
< jEZlP (( max (X — X, ) > njt) < E exp (2 log |N;| — 1?%?) ; (5.8)

9j—1,9;)EH,; =
where the last inequality follows from (3.2). Now take

6e; /208 N[ | 279/]
4 )

t

n; = (5.9)

then by (5.7) we have

o0

RPNIEE VY TTVITNE S o PR SN

Here we use the bound

1

ZTJ\/}gZz—Jj:m:z. (5.10)
j=1 j=1

2,2 i - -
By (5.9), we have that log || < Z;; and n; > %ﬁ = 9Y9 hence

1D >
o0 2,42 0o 2,2 oo 9
_ n;t m;t jt
’ (?ggxf = t) =2 o (2 log I\l = 18&) <D exp <_3662 <2 ep g
Jj=1 J j=1 J j=1
2\ 2 2
=|1— _— ——— ] <24 - 5.11
[ xp ( 576D2>} P ( 576D2) = SRexp < 576D2> ’ (5.11)
where the last inequality uses (5.7)). Plug in (5.11)) to (5.8]), then (5.6 holds for C; = 24, which concludes the
proof. O

5.2 Rademacher Complexity

Definition 5.5 (Empirical Rademacher complexity). The empirical Rademacher complexity of a function
class F based on a sample {z;}?, is defined as the expected supremum of inner product with independent
Rademacher variables {¢;}7_;:

fer i

R(F,x1.0) :=E lsup 1 Zelf(xz)] .

Denote by P,, the empirical distribution of {x1,- -, x,}. Then we can define norm and inner product on
L?(P,) space:

n 1/2 n
1717, = (i Zﬂxm) g = O Fgl).
i=1 i=1

Now we define the process

Zf = %Zﬁif(l‘i), ferF.
=1

14



By Proposition 1.5, (Z; — Z,) is sub-Gaussian with variance proxy ||f — g|

3 for any f,g € F, namely,
{Z;, f € F} is sub-Gaussian with respect to || - || p,. It is worth noting that || - || p, is possibly a pseudo-metric
on F, which means that || f||p, = 0 does not necessarily imply f = 0. Nonetheless, this slight change does not
impact our conclusion, and you can verify that {Z¢, f € F} is sample-continuous. Using Theorem 5.3, we can

establish the connection between Dudley’s entropy integral and Rademacher complexity.

Definition 5.6 (Localized empirical Rademacher complexity and critical radius). Suppose we have a function
class F : X — R that is uniformly bounded by b, i.e. Vf € F, || fllco < b. The localized empirical Rademacher
complexity of a function class F based on a sample {z;}7_; is defined as

R10C<5’ ]:71‘1:71) =FE

sup l Z ezf(xz)‘| = R(]: N Bn((s)a xl:n)a

feFfllp, <8 T 55

where {¢;} ; are independent Rademacher variables and B, () is the closed ball in the norm || - || p, of radius
d > 0 centered at the origin. The empirical critical radius of F on dataset {x;}}'_; is defined as the minimum
solution smallest positive solution to Riec (8, F,x1.n) < 62/b:

R 2
On = min{(s > 0: Rioe(0, F,x1.0) < (Sb}

Proposition 5.7. Denote by By, (p) the closed ball in the norm || - || p, of radius p > 0 centered at the origin.
Then the empirical Rademacher complexity of F satisfies

12 [*
Rioc(p;s Fr#1m) < —= log N (e, F, || - llp,) de. 5.12
el Fonen) < 2 [ i NGe F ) de (512)
Proof. Applying Theorem 5.3 to {Zf =n1/2 S ef(xi), f€ ]-'} immediately concludes the proof. O

5.3 Sub-Gaussian Complexity

Motivation. Let’s consider a penalized least square problem. Suppose we have data {(z;,y;)}"; C X x Y
collected from

yi=["(@i) +e, i=1-- n

Given a vector space F of mappings from X to ) with f* € F, and let J be seminorm on F. We construct an

estimator of f* from this class by minimizing the regularized risk for some tuning parameter A > 0:

n

—~ . 1 2
f —arfgemfm{n;(yi — [(z)) +)\J(f)}~

Recall that we denote by P, the empirical distribution of {z1,---,z,}. We also abuse the notation (-,-)p,
by defining (-, )p, : R* x F = R, (2, /) > L 50, 26/ (). Let ¥ = (g1, ,ym) Ty € = (e1,+ ,€n) T be the
response and noise vectors. Then ([5.10]) implies

1Y — f13, +X(F) <Y = f5|3, + A(f),
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and we have the basic inequality for f

~

If = F13, <2(e, f— f)p, + A(J(f5) = J())

sawu>+J@»< (gfg)> LA — I()
P,
(e,

o~

<2I(F) +I(D) sup {e.g)p, + AT~ I(F)).

J(9)<1
Then we can bound the empirical estimation error by controlling the supremum of an empirical process
{Z4 == (¢,9)p,} indexed by g. Generally, for a function class F, we call supc = [(¢, f)p,| the sub-Gaussian
complexity associated with F.

Lemma 5.8 (Adapted from Lemma 8.4 of van de Geer 2000). Let {¢;,i =1, -+ ,n} denote independent sub-
Gaussian random variables, each having mean zero and variance prozy o?. Assume that there exist constants
0 <w <2 and C >0 such that for some fized x1,--- ,x, (which define the empirical norm || - ||p, ),

log N(n, F, || - ||lp,) < Cn~* (5.13)

for sufficiently small n > 0. Then for any fixed p > 0, there exists constants ¢,c’ > 0, depending only on
o, p,C,w such that for all v > ¢,

<€a f>P77 g
Sup —w / S =
FEFNBL(p) }% /27 Vn
with probability at least 1 — cexp (Z—j) .
Proof. Note that i/fi% is a sub-Gaussian process with respect to || - ||p,. For any 0 < § < p, the Dudley’s
entropy integral satisfies
s
| VIR NG F T Tl < cos' 02 (5.14)
0

for some constant ¢y > 0, hence is bounded. By Lemma 5.4, there exists ¢y, co > 0 depending only on o, p, C, w

such that for all T' > f}é, we have

P sup (e, fip, >T | <coexp < nT? >
€Jf)p, = S X\ — =533 |-
FEFNB,.() ? 30262
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Then for any T > %21_“’/%“’/2, we have

P o ez =P (U sup T
fernBa. (o) || flIp =1 (ernBa @ =ip\B.(2770)) || fllp

P ( sup (&, f)p, > T(2_jp)1_w/2>
f

fEFNB, (21~ p)

nT2(2 jp 2 w Z TLTQ Jw
Cg €X YT EECE Cg €X
26XP c302(21-7 p)? 26xP 4cko?pr

nT?(1 + jwlog?2)
2exXP |~ 4cka?pw

E%g

1

<.
Il

M

1

<.
Il

<

VT

1

J
nT?w log 2
nT? €Xp (_ 4cZo2pw )
=coexp | —

desa?pv ) 1 _nT2wlog2
2 1 —exp 1302

cfw log 2
< < nT? ) exp | — c32v g2 < ( nT? )
S CeXp | — P) S cexp| ———5—
46202pw 1 —exp (_ 052112)111)0522) 2
1

for some ¢ > 0. Set v = f7 then there exists ¢’ > 0 depending only on p, o, C,w such that for any v > ¢/,

(e, /)P ¥ v?
P su —r_>__ | <ce —— .
<fefﬁgn ;710/2 — \/ﬁ = XPp C2

Thus we complete the proof. O

This Lemma gives a bound of the empirical process {(e, f)p,, f € F}. Suppose that || f| p, decays with a
rate of n~1/(2+®) then with high probability, the following inequality holds uniformly for all f € F :

€ flp SO (W;fvwo@n@)

Lemma 5.9. Assume that F satisfies the entropy bound (5.13) for fixred x1,--- ,x,, where 0 < w < 2 and

C > 0 are constants. Then the empirical critical radius of F satisfies S\n < eyn~ YY) for o constant cy.

Proof. By (5.12)) and (5.14)), we have

C
Rloc(5; Fvl'l:n) S 70561_7”/2

for some constant ¢y > 0. Then the smallest solution Sn t0 Rioc(8, F, 21.n) < 62/b can be upper bounded by

b
52/b = 07051—11;/2 sltw/2 _ €09
/ NG & NG

which gives 5. < cin~ Y2+ for some constants c;. O
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