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1 Markov Processes

In this section, we study the Markov processes, which cover a wide range of stochastic processes. Roughly
speaking, a Markov process is a stochastic process such that, given the current information, the future states
are conditionally independent of the past states.

Our discussion is based on a filtered probability space (€2, .%,P). The state space of stochastic processes is
a measurable space (F,&). Usually, E is a topological space, and & is the Borel o-algebra on F.

1.1 Transition Functions

Definition 1.1 (Transition probability). Let (E, &) be a measurable space. A transition probability on E is
a mapping P : E x & — [0, 1] such that

(i) For every = € F, the mapping & 5 A — P(x, A) is a probability measure on (E,&); and

(ii) For every A € &, the mapping E > x — P(x, A) is &-measurable.

Remark. If f € B(E), i.e. f is a bounded measurable function on E, we define

(Pf)(x) = /E P, dy)f ().

Then Pf is also a bounded measurable function on E. For this reason, P is also viewed as a linear operator
on the Banach space B(FE). Furthermore, P satisfies the following properties:

(i) P is positive, i.e. Pf > 0 for each f > 0;

(ii) P is a contraction, i.e. |Pf|oo < ||f]lco, Where || - ||oo is the uniform norm on B(E).

Furthermore, if both P and () are transition probabilities, we define the multiplication operation:

PQ(x, A) = / P, dy)Q(y. A).

E
Then PQ is also a transition probability on E, and can be viewed as the composition of operators P and Q.

Definition 1.2 (Transition function). A transition function on E is a family {P;s; : 0 < s < t} of transition
probabilites such that for all 0 < r < s < t,

Pralad) = [ Pos(odi)Pest 4) (1.1)

for each ¢ € F and each A € &. The relation (1.1)) is called the Chapman-Kolmogorov equation. The transition
function is said to be homogeneous if Py depends on s and t only through the difference ¢ — s. In that case,
we write P; for Py, and the Chapman-Kolmogorov equation writes

Pt+5($7A):/Eps(x7dy)Pt(y7A>‘

In other words, the family {P;,t > 0} forms a semigroup.

Definition 1.3 (Markov process). Let (Q,.%, (% );>0, P) be a filtered probability space. An adapted stochastic
process (X)i>o is said to be a Markov process with respect to (F)i>0 with transition function (P; ), if for
any nonnegative measurable function f : E — Ry and any pair (s,t) with s < ¢,

E[f(Xe)|Zs] = Ps 1 f(Xs) P-as. (1.2)
Remark. If the filtration is not specified, we usually use the canonical filtration

FX =0(X,,0<s<t).



Proposition 1.4. A stochastic process (X;)i>0 is a Markov process with transition function Ps, and initial
measure p, if and only if for any 0 =tg <t1 <--- <t, and Ag, A1, -+ , Ay € &,

]P)(Xto S AQ,th € 1417 e ,th € An) = / ’y(dwo)/ Pto,tl (2130, dl’l) .. / Ptn—17tn (SCn_l, dl‘n) (13)
Ao Ay An

Proof. If (X¢)¢>0 is a Markov process,

P (X, € Ao, Xy, € A1y, Xy, € Ap) = E [, (X)) La, (X)) - La, (Xe,)]
=B |Lag (Xig)a, (X)L, (X, )E [T, (X0)1 7|

=E []le (Xtu)]lAl (th) T ]lAn—l (thfl)Ptnflatn]lAn (th—l)}

=E |:]1Ao (Xto)]lAl (th) T ]lAnfl (th—l) / Ptnflatn (th71 ’ 'TTL) dl‘n:| :
An
Repeating this procedure, we have

P (X, € Ao, Xy, € Ay, , Xy, € Ap) =E [ﬂAo(Xto)/ Pto,tl(Xtmdml)'“/ Ptn,_l,tn(ﬂfn—lvdzn)]
A A

n

=/ W(dﬁﬁo)/ Ptg,tl(l'mdxl)"'/ P, i (Xp—1,dxy).
Ao Ay A

n

Now we assume that (X;);>o satisfies (I.3). To prove (L.2)), we must show that for all 4 € Z,
E[f(X)1a] = E [Py f(Xs)1a]. (1.4)
Since the sets A satisfying form a A-system, by 7-A theorem, it suffices to show for all cylinder sets
A={Xy € Ao, Xy, € A1y, Xy, € Ay},
where 0 =t) <t; <---<t, =sand Ag, Ay, -+ ,A, € & If f =1p, where B € &, by , we have
Elp(X)la] =P (X, € Ao, Xy, € A1, , X4, € Ay, X; € B)

2/ V(d%‘o)/ Pto,tl(xovdﬂfl)"'/ Pt,hl,tn(ﬂcn—lvdwn)/ P, +(xn, dy)
Ao A, A, B
=/ V(dJJO)/ Pto,tl(xovdxl)"'/ Pr, ity (Tn—1,d20) Ps 4 1B (y)
Ao Aq Ay,
=E [ﬂAo(Xto)/ Pto,tl(Xovdml)"'/ Ptn1,tn(xn—17di?n)Ps,t]lB(l"n)]
A Ay,

E[E [M(Xto)ml(xn) [ Pt Ptn_l,t,xxn_l,des,tnB(xn)WH
Az

An

tn—1

= =E[E[ B[P ap(X)1al 7Y ||| =B IPa(X,)14]
Thus (1.4) holds for all indicators, and hence for all simple functions. By simple function approximation and
monotone convergence theorem, (|1.4) holds for all nonnegative meaesurable functions f : E — R,. O

Remark. We can construct a Markov process with transition function P, and initial measure  with this
proposition. We define (Q,.%) = (E®+, &%+), and let X;(w) = w; be the projction map. Then defines a
compatible family of finite marginal distributions on (E®+, &®+). If all marginal distributions (P(w;),t > 0)
are inner-regular (which is the case, for example, if E is locally compact, Hasudorff and second countable), by
the Kolmogorov extension theorem, the transition function P, extends to a unique probability measure P,
on (E®+, &%+). The canonical process (X;);>o is a Markov process under this probability measure.



Notation. For every probability measure v on (E, &), we denote by P, the law of the Markov process
with transition function P, and initial measure -, which is a probability measure on (E®+, &%+). For any
nonnegrative measurable function ® : E®+ — R, we write

E,[®] = /<I>dP,Y.
For any fixed z € E, we we write P, = Ps_, and
E.[®] = /CI)dPx.

We have the following useful conclusion.

Proposition 1.5. For any nonnegrative or bounded measurable function ® : E®+ — R, , the map x + E,[®]
is &-measurable, and for any probability measure v on (E,&),

B, 0] = /E +(da)E, ().

Proof. For simplicity, we fix the initial measure . Let &/ be the class of cylinder sets

A = {(xt)tZO . Zto S Ao,l'tl S Al, e ,I’tn S An} S 5R+,
where 0 =ty <t; < --- <tp, and Ag, Ay, -+ , A, € & Then & is a m-system, and
Bultal = [ 6.(da) [ PinGooda) - [P oo de)
Ao Aq An

= ]l{xer} /A Pto,h (x’ dxl) T /A Ptn—lytn (xn*h meL)v

n

which is a &-measurable function of x € E. Also,

E.[1,] = / +(dxo) / Piot, (o, da1) - - / Po v (@0, dan)
Ag Ay A

n

= / V(dmo)]l{onAo} / PtO»tl (‘TOa dxl) o / Ptn—l,tn (‘rn—la dxn) = / ’Y(de)EIo [(I)]
E Aq An E
Hence the proposition is true for all & = 14, where A € & is a cylinder set. Since the class of functions ®
satisfying this proposition is closed under addition, scalar multiplication and increasing limits (by monotone
convergence theorem), we conclude the proof by applying the monotone convergence theorem for funtions. [



2 Diffusion Process

In this section, we study the stochastic differential equation (SDE)
dXt = O'(t7 Xt) dBt + b(t, Xt) dt, (21)

where 0 = (04j)icp],jelq : R+ X RP = RP*? and b = (b;);c[p) : Ry x R? — RP be locally bounded measurable
functions. The function b : RP — RP is called the drift coefficient, and o : RP — RP*Y is called the diffusion
coefficient. The soltions of with continuous sample paths are called diffusion processes.

For notation simplicity, we also write E(o,b) for the SDE (2.1)). For each 2 € RP, we write E,(c,b) for the
SDE together with the initial value Xo = . We use | - | to denote the Euclidean norm of vectors and
the Frobenius norm of matrices. Throughout this section, we assume that the coefficients of SDE are
Lipschitz continuous, i.e. there exists a constant K > 0 such that for all z,y € RP,

lo(t, ) —o(s,y)| < K[t —s| + Klz —yl,  [b(t,2) = b(s,y)| < K[t — 5|+ K|z —yl.

2.1 Solutions of SDE

In this subsection, we discuss the solvability of stochastic differential equations.

Definition 2.1. A solution of the stochastic equation (2.1]) consists of:
e A filtered probability space (Q,.%,P) and a complete filtration (% );>o;
e A g-dimensional (%;)-Brownian motion B = (B!, .- | B?) starting from 0;

e An (Z;)-adapted and sample-continuous process X = (X1, --.  XP) taking values in R?, such that

t t
X, = Xo +/ (s, X,) dB, +/ b(s, X,) ds.
0 0

Definition 2.2. For the stochastic differential equation E(o,b), we say that there is
o weak existence, if for every x € RP | there exists a solution of E,(c,b);
o weak existence and weak uniqueness, if in addition, for every x € RP, all solutions of F,(c,b) have the
same law;
e pathwise uniqueness, if, whenever the filtered probability space (2, %, (%)i>0,P) and the (:#;)-Brownian
motion B are fixed, two solutions X and Y such that Xg = Y| a.s. are indistinguishable.
Furthermore, we say that a solution X of E(o,b) is a strong solution if X is adapted with respect to the
completed canonical filtration of B.

For the completeness of our discussion, we state (without proof) two theorems concerning the existence
and uniqueness of the solution of SDEs with Lipschitz continuous coefficients.

Theorem 2.3. Let o and b be Lipschitz continuous. Then pathwise uniqueness holds for the SDE E(o,b).
Furthermore, for every complete filtered probability space (Q, F,(F)i>0,P), every (F)-Brownian motion B
and every x € RP there exists a unique strong solution of E,(o,b).

Theorem 2.4. Fquip both C(R4,RP) and C(Ry,RY) with the Borel o-algebra of the compact convergence
topology, and complete the o-algebra on C(R4,RP) by W-negligible sets, where W is the Wiener measure.
Then for all x € RP, there exists a measurable mapping F, : C(Ry,R?) — C(Ry,RP) satisfying

(1) for every t > 0, the mapping w +— F,(w), coincides W-a.s. a measurable function of (w(r))o<r<t;

(ii) for every w € C(R4,R?), the mapping x — F, (W) is continuous;

(i11) for everyt > 0, and for every choice of the complete filtered probability space (Q, F,(F1)i>0,P) and of
the (F)-Brownian motion B with By = 0, the process Xy = F,(B); is the unique solution of E(o,b).
Furthermore, if Z is an Fy-measurable RP-valued random variable, the process Fz(B); is the unique
solution of E(o,b) with Xg = Z.



Theorem 2.5 (Markov property of diffusion processes). Assume that X = (Xy)i>0 is a solution of SDE ([2.1)
on a complete filtered probability space (2, F,(F1)i>0,P). Then (X;)i>o0 is a Markov process with respect to
the filtration (#i)i>0. For each s > 0 and t > 0, the transition function Ps sy defined by

Psspif(x) = E[f(YD)],
where Y = (Yi)i>0 s an arbitrary solution of

dY; = o(s +1,Y;) dB; + b(s + 1, ;) dt,
YO =x.

Let F, be the mapping given by Theorem [2.]] corresponding to the above SDE. Then we also write
Py syif(a /f W(dw).
Proof. We first prove that, for any f € B(RP) and any s > 0,¢ > 0, we have
E[f(Xsqe)|-Fs] = Pssye f(Xs),
To deal the time shift s, we define filtration (%#/);>¢ and processes (X{):>0, (Bj)i>0 as follows:
F| = Ferr, X[/ =Xs4, B;=Biis— Bs.

Then (#)i>0 is a complete filtration, X’ is adapted to (%#/)i>0, and B’ is a ¢-dimensional (%,)-Brownian
motion. Furthermore,

st st t t
X, =Xopt = X5+ / o(r,X,)dB, + / b(r, X,)dr = Xs + / o(s+r X))dB, + / b(s+r, X)) dr.
s s 0 0

Consequently, X’ solves E(c,b) on the space (2, %, (%])i>0,P) and with Brownian motion B’, with X; = X.
By Theorem (iii), we have X' = Fx_(B’) a.s., which implies

E[f(Xore)|F] = BE[f(X)1F] = E[f(Fx,(B))|.Fs] = /f(Fxs (W)e) W(dw) = Ps sy f(Xs),

where the third equality follows from the independence of B’ and .%,.
Now it remains to verify that P, ;1 is a transition function. Clearly, x + Ps s+ f(x) is a continuous map,
hence is measurable. Finally, note that

Py srirof(x) = B[f(YVigo)] = E[E[f(Yigo) | Fsttl] = E[Psyt st f(Ye)] = /Ps,s+t(l‘, dy) Pstt st+0 f(Y),

which is the Chapman-Kolmogorov equation. This completes the proof. O

Remark. According to Theorem [2.4] (ii), if we take f € C,(RP), by dominated convergence theorem,

P siif(x /f W (dw)

is in Cp(R?) as well.

In our later discussion, we use Ps; to denote the transition function of the diffusion processes (X¢)i>o0
defined by SDE (2.1)).



2.2 Transition Functions
In this subsection, we discuss the properties of the transition function of a diffusion process.

Theorem 2.6. Let P, ; be the transition function of the diffusion process defined by
dXt = O'(t, Xt) dBt + b(t, Xt) dt.

For every ¢ € CZ(RP),

dp(Xy) = o (t, X¢)Vp(Xy) dBy + (;UU*(ta Xi) - V2<P(Xt) + b(t, Xt) - VQO(Xt)) dt.

where o* is the matrix transpose of o. Furthermore, for every x € RP, we have

. Pt,t+h<,0($) —o(x) o 1 ., 2
1}11?& o =300 (t,z) - VZp(x) + b(t,x) - Vo(x),
and

lim Pi_np(r) — o(x)
h10 h

= %O’O'*(t, x) - V3p(x) + b(t,z) - V().

(2.3)

(2.4)

We will give a formal proof of this Theorem later. For convenience of our analysis, we introduce a useful

lemma in the study of differential equations.

Lemma 2.7 (Gronwall’s lemma). Let T > 0, and g : [0,T] — Ry is a bounded measurable function. If there

exist two constants a > 0 and b > 0 such that

g(t) < aer/tg(s) ds, Ytel0,T],
0

then we have g(t) < ae®® for all t € [0,T).

Proof. A simple recursion on g gives

g(t) Sa—i—b/ot (a—i—b/:lg(SQ)ds) dsi

t S1
=a+ a(bt) + b / dsy / dsz2 g(s2)
0 0

t S1 S2
< a + a(bt) + b / dsy / dssy (a + b/ g(s3) d83>
0 0 0

(bt)2 3 t S1 S2
=a+ a(bt) + a = +b dsq dss dszg(sg) < - -
0 0 0

bt)? bt)" ¢ o Satl
< a+ a(bt) +ag +~~~+au +b”+1/ dsl/ d52~~/ dsp+1 9(Snt1)-
2 77/! 0 0 0

Since g is bounded, we let 0 < g(¢) < M for all ¢ € [0,T]. Then

"L (bt)"  M(bt)"H!
““SQZ;(J +(iﬁn!'

The desired result follows by letting n — oc.

Remark. A usseful case of this lemma is that when a = 0, we have g(¢) = 0.



We then give an estimate for the second moment of a diffusion process.
Lemma 2.8. Fiz x € RP, and let (X[);>0 be a solution of the SDE E,(0,b). Then there exists a constant
C, > 0 depending only on x, such that for allt > 0,
E[|X7 — 2f?] < CpeCetH (¢ 442 4 13 4 t4).
Proof. By the triangle inequality and Lipschitz continuity, for all ¢ > 0, we have

lo(t, XP)* < (lo(0,2)| + |0(0,2) = o(t,2)| + |o(t, XF) = o(t,2)])*

(
2.5
3|0(0,2)|* + 3K?t? + 3K?| X} — x| 25)

IN

A similar formula also holds for |b(t, X7¥)|>. We define a stopping time 7 = inf{t > 0: |XF — x| > M} for some
M >0, and fix T > 0. Then the function ¢ — E [| X}, — z|?] is bounded on [0, T]. For any t € [0, 7], we have

tAT 2 tAT 2
E[|X?,, - 22] < 2E l(/ U(S,Xg)st) (/ b(s7X;”)ds)
0 0
AT tAT
<9E [/ |a(s,Xf)|2ds} +9R {T/ |b(s,X§)2ds}
0 0

tAT
< 6T(|o(0,2)]* + T|b(0,z)|*) + 2K*T*(1 + T) + 6 K*(1 + T)/ E[| X7 —z|*] ds
0

+2E

<6T(|o(0,2)]* + T|b(0,2)*) + 2K*T*(1 + T) + 6K>*(1 + T) /Ot [1 X2, — 2|*] ds
where we use in the third inequality. By Gronwall’s lemma, we have
E[|XZ,, — 2|?] < (6T|0(0,2)2 + 6T2[b(0, z)[? + 2K>T? 4+ 2K>T*) S5 0+TT vt ¢ [0, 7).
We let M — oo, and apply the monotone convergence theorem to obtain
E[|X5 — 2[?] < (6T|0(0,2)]> + 6T2[b(0, 2)|> + 2K2T3 + 2K>T*) e (T+7%),

Setting C; = 6 max {|o(0,2)[2, [b(0,z)|?, K?} concludes the proof. O
Now we prove the main result.

Proof of Theorem[2.6 (i) The covariation of the process (X;)>o is

(X1, X7, Z/ o0 (5, Xa)ors(s, X)ds_/o (00" )53 (5, X,) ds.

Then we apply It6’s formula to the semimartingale ¢(Y;):

o)~ plXo) =3 [ FE (X axi+ Z / e (X0 X ),

q p t 8@ i
:ZZ/O aik(s,Xs)a—%(Xs)st

This is equivalent to (2.2)).



(ii) Next, we verify that Ps p(z) — ¢(z) as t — s | 0. Let (Y;) be a Markov process with transition function
{Pstt,54v,v >t > 0} beginning from z. For any A\ > 0,

|Psp() — p(2)] = [E[p(Yi-s)] — p(2)|

< sup e(y) —e@)] + 2ol P([Yies — z[ > A)
yily—z[<X

4
201 —s —s
< s oly) = p(@)] + S5re@ IO Nt = 5) oo

yily—z[<A k=1

Hence
S |Pp(@) — (@) < sup fe(y) — ()],

yily—z[<A

which holds for all A > 0. Since ¢ is continuous, taking A | 0 gives Ps, p(x) — @(x). Furthermore, the
convergence rate depends on s, t only through their difference ¢t — s, i.e.

limsup [Py snip(w) = ()| = 0.

(iii) We fix T' > 0 and a Brownian motion (B¢)¢>o. Then we define a Markov process (¥;)¢>o beginning from
Yy = x with transition function {Prys14+e,t > s > 0} by

¢ ¢
Yt:ac—l—/O(T—I—s,Ys)st—i-/b(T—Fs,Ys)ds.
0 0

Similar to (i), we apply Itd’s formula to the semimartingale p(Y3):

P q
dp
o)+ 23 [t a3 FE 0!

1=1 k=1
t p P 2
dp 1 0%y
bi(T + 5,Y)=—(Ys) + = (T +s,Y, Y,) | ds.
+/0 DT+ GZ 0 4 g 3 (e (T + 5 X (1)
Define function g : Ry x RP — R by
1 <& 1
= bi( = —oo*(t,y) - V? b(t, :
9(t,y) 2”E:l(cw )i (t,y) a:c ax] +;1 8% 500" (6,y) - V7e(y) +b(t, y)Veo(y)

Then g is also a continuous function, and
-
l9(t,y) = 9(s,9)| < S K[Vl + K[ Veplloo =: R.
2

We then take expectation on both sides of the identity

t P q t+e
so(Yt)—so(rc)—/O g(T+s,Xs)ds:ZZ/ oin(T + s, Y)gxl(Ys)dBf.

i=1k=1"1

to get

t
Prryo(z) —p(x) — / Prrisg(T+s,x)ds =0. (2.6)
0



We also note that

1

t
: / \Prass g(T + 5,2) — g(T, )| ds
0

1 [t 1 [t
< */ |PT,T+59(T+S~T)—PT,T+s9(T7$)|d8+;/ |Prrys g(T,x) — g(T, )| ds
0
(2.7)

I /\

1 t
/ 9T+ 5. = 9T owds + 7 [ |Prireag(T,a) - o(T,)| ds
0

| /\

7 + sup |Prrisg(T,z) — g(T, )],
s€[0,t]

which converges to 0 as t | 0. Combining (2.6) and (2.7)), we obtain

lim Prorito(x) — ()
tl0 t

=g(T, x).
Replacing T with T — ¢, (2.6) becomes
t
Pr_iro(r) — ¢(x) — / Pr_ypr_i1s9(T —t+s,x)ds =0.
0
Similar to (2.7), we have
1t
n / |Pr—t1—t4s g(T —t+s,2) — g(T, )| ds
0

1/t 1/t
< - / |PT—t,T—t+s Q(T —t+s, if) - PT—t,T—H-sg(Ta »77)| ds + T / |PT—t,T—t+s Q(Ta SC) - g(Ta $)| ds
0

1 t
<; / 19T = t+ 5,9 = (T s+ 7 [ |Prosiareng(Tia) - o(T2)] ds
0
< 7+ sup |Pr—¢1—11s9(T,z) — g(T,7)|.
s€[0,t]

Combining the last two display gives

P _
lim ——5T pl@) = o(@) =g(T,x).
t10 t

Thus we complete the proof. O

Remark. For notation simplicity, we denote by ¥ = ogo*, and write

1 1 & 0% u Do
= _%(t,) - V3o +b(t,-) - Vo = = )i (t, - bi(t, - 2(RP).
Zip = 3E(t,) - Vip +0(t,) - Vo QiJE_:l(UU)y(,)amiaijr;:l (,)axi, ¢ € C(RP)

Using integration by parts, the adjoint of .%; is given by

L1 "9
Ly = SV () - Vs Zaxlaxj Jia(t 0 = 3 o bilt, b, € CHRP).

i=1 Oz
The adjoint property holds in the sense of integration

Lro() () de = / (@) Zr(e)dr, o, € CZ(RY).

RP RP

10



2.3 The Kolmogorov Backward and Forward Equations

Theorem 2.9 (Kolmogorov backward equation). Fiz T > 0 and ¢ € CZ(RP). Define u: RT x RP = R by

u(t,z) = P, rop(z).

Suppose that u € C2(Ry x RP). Then u(t,x) solves the following Kolmogorov backward equation:

du ZV2u+b Vou=0, 0<t<T,
ot (2.8)
U(T,Z‘) = ¢(z).

Proof. By definition, the final value (T, x) = ¢(x). To recover the PDE, note that

—@(t 2) = lim P_pr(x)p — P ro(z) — lim P_pu(t,x) — u(t, z)
ot R0 h nl0 h '
The result follows from (2.4]). O

Remark. We define @(s,z) = u(T — s,2) = Pr_s 7p(z). Then we turn (2.8) to an initial value problem:

ou 1 5

Y. u . u <t <
5 22 Viu+b-Vyu, 0<t<T,
u(0,z) = p().

Theorem 2.10 (Kolmogorov forward equation). Let ps¢(-|z) be the probability density of Ps (z,-), and assume
that ps+(-|z) € CY2(Ry x RP) for allt > s >0 and x € RP. Then

0 1,
aps,t(y‘l‘) = §Vy - 3(t, Z/)ps,t(y|55) —Vy- b(t, Z/)ps,t(y|$), (2.9)
hmtis ps,t(y|x) = §(y - l‘)

Proof. Let ps.(-|z) be the probability density function of Py ,(z,-), where t > 0. Let ¢ € C°(RP). Then

lim © ( [ etwmsntyie as - w(@) — Zple).

hi0 h

For any t > 0, we use interchangeability of derivative and integration:

B B
/ oY) 5 ps,t(ylz) dy */ ©(y)ps,i (y|z) dy—h / ) (Ps.t+n(y]7) — ps,i(y[7)) dy
Rp ot ot

i ([ ] ool sy~ [ peatclopa: )
~ti [ pestelo) 3 ([ ety - o) d:

hi0 Jrp

= [ Zip(2)puslelr)dz = / )L paalele) d

RP

where the second line follows from the Chapman-Kolmogorov equation, and in the fifth equality we apply the
dominated convergence theorem. Since the above equation holds for all ¢ € C°(R),

0 N 1
Pt Wlr) = Lips(yle) = §V§ B y)psa(ylz) — Vi - bt y)ps.i(ylz). (2.10)

Then we finish the proof. O
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2.4 The Feynman-Kac Formula

The Feynman-Kac formula is a generalization of the Kolmogorov backward equation. It reveals a connection
between parabolic partial differentiabl equations and stochastic differential equations.

Theorem 2.11 (Feynman-Kac formula). Fiz T > 0. Let (X;)o<i<r be a diffusion process defined by
dXt = b(t, Xt) dt + O'(t, Xt) dBt
For eacht > 0 and x € RP, let

u(t,x) =FE|e” T V(S7XS)dSSO(XT)

Xt:$:|.

Suppose that u € C*2(Ry x RP). Then u(t,x) solves the final value problem

@+b-vzu+12.v§uzvu, 0<t<T,
ot 2 (2.11)
u(T, z) = p().

Proof. We let u be a solution of (2.11). By It6’s lemma, we have

1
dult, X0) = U0, X, di -+ Vot X0) - dX 4 5930t X0) - d{X,X),
P 1
- %(t,Xt) + 0t X0) - Voult, X) + 55, X0) - Via(t, X0) | dt+ Voult, X,) - ot Xi) dB;.

Since u satisfies (2.11)), we have
du(t, Xt) == V(t, Xt)u(t, Xt) dt + qu(t, Xt) . O'(t, Xt) dBt

Wo solve the SDE by integrating both sides on [t,T]. For the part involving dt, we note that the integrating
factor efo V(s:X:)ds ig 5 finite variation process. We multiply both sides of the SDE by the factor and apply
methods for solving ordinary differential equations. Then

T
w(T, Xp) e Jo VeXods _ g X)) e Jo Vs Xa)ds / e~ Jo VIR Xa)drg2y (s, X,) - o(s, X,) dBs,
t

and

T
u(t, X)) = @(Xr)e~ Ji V(sXa)ds _ / e PV X drg2y (s X)) - o(s, X,) dB,. (2.12)

t
Conditional on X; = x, the process [, e~ JeVrXa)drg2y (s, X ,)-0(s, X,) dB, is a continuous local martingale,

and it becomes a martingale when stopped by T. By the martingale property,

T
E l/ e PV X drg2y (s, X,) - o(s, X,) dB,
t

Xt = ,’E] =0.
Hence by taking the expectation conditional on X; = = on both sides of (2.12)), we get

U(t,a’]) =E |:QD(XT)6 ftT V(s,Xs)ds

Xt$:|,

which completes the proof. O
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Remark. (i) We define

u(t,z) =u(T —t,x) =FE |e” Jr-. VX ds o (Xp) | Xpoy = HC] .

Then we turn (2.11)) into an initial value problem

u 1
a—q;:b-vwﬂ—FiZ-Viﬂ—Vﬂ, 0<t<T,
u(0,z) = p(x).

(ii) More generally, we define

T
u(t,z) =E e [ VX dsy x) +/ e [TV XD g(s, X,) ds
t

thx‘|.

Suppose that u € C2(R, x RP). Then u(t, ) solves the final value problem

9 1
a—?+b~vzu+§E-V2u:Vu+g, 0<t<T,
u(T, ) = p(x).

This is the Feynman-Kac formula for inhomogeneous parabolic PDEs.

2.5 The Fokker-Planck Equation

The Fokker-Planck equation describes the evolution of the probabiity density in a diffusion process.

Theorem 2.12 (Fokker-Planck equation). Consider the diffusion process
dXt = O'(t, Xt) dBt + b(t, Xt) dt.

Let the Assumption of Theorem holds. Let p(t,x) the probability density of X for each t > 0, and write
po = p(0,-). If p € CH2(Ry x RP), then p solves the following Fokker-Planck equation:
op 14
— ==V5 -2p—V,-bp, t>0,

gt g Ve =P 4
p(0,2) = po(x).

(2.13)

Proof. If Xy ~ pg, we have

plt,y) = / poalyla)po(a) do.

Integrating both sides of the Kolmogorov forward equation (2.9), we obtain

| gmetiami@ e =5 [ 93-St mstle)nt) de = [ 9,4 0mdvlolto)da

The dominated convergence theorem gives the guarantee of exchangeability of derivative and integration. [
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2.6 Anderson’s Reverse-time SDE
In this subsection, we study the time-reversal of diffusion processes. A reverse-time SDE
dX, = o(t, X)dBy + b(t, X4) dt,

consists of
e A diffusion coefficient 7 : R, x RP — RPX4 and a drift coefficicent b : R, x RP — RP;
e A backward ¢g-dimensional Brownian motion (B;) with respect to a backward filtration (%;);>0, which is
a continuous stochastic process such that By = 0, and for any ¢ > s > 0, the increment

B, — B, ~ N(0,(t — s)1d)

and is independent of ¥;;
e A stochastic process (X;);>0 satisfying

t t
X, = Xo+ / (s, X)dB, + / B(s, X4 ds,
0 0

where the backward It6 integral is defined by

t N
/O 5(8,XS)dBS :n%gnooza(tzn,Xt;n) (Btzn _Bt;&yil) s (214)
where 0 = ¢’ < " <--- < {7 =t is an increasing sequence of partitions of [0,#] such that the mesh

maxi<ip<m, [th* —tp" 4| J 0 as m — oo, and the limit holds in probability. Note that we evaluate the
integrad & at the right end of each subinterval [¢t]* |, "] in the Riemann sum (2.14). In comparision, we
evaluate the integrand at the left end in the (forward) It6 integral.

Theorem 2.13 (Anderson’s reverse-time SDE Theorem). Let (X):>o be the process defined by
dXt = O'(t, Xt) dBt + b(t, Xt) dt,

where o : RT x RP — RP*X9 gnd b : RT x RP — RP are such as to guarantee the existence of a probability density
p(t,x) fort > 0 as a smooth and unique solution of its associated Fokker-Planck equation (2.13). Define a
q-dimensional process (By)i>o by Bo =0, and

- a Usz
p(t, Xt O0x;

i=1

dB] = dBJ +

tXt)dt7 j:1a25"'aq7

and suppose further that the Fokker-Planck equation associated with the joint process (Xt,Et)tZO yields a
smooth and unique solution for t > 0. Then
(i) (Bi)i>o is a backward Brownian motion with respect to the backward filtration (4,)¢>0, where 9, is the
sub-c-algebra generated by (Xs, Bs)s>t-
(ii) (X¢)i>o0 satisfies the reversed-time SDE

dX, = o(t, X;)dBy + b(t, X;) dt,

where the reverse-time drift coefficient b: Ry x RP — RP is defined by

% . 800 zk & « alogp .
b (t,x) = bi(t,x) Z (t,x) =Y (00%) ikt (ta), i=12,p.
Tk
k=1
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Remark. For notation simplicity we write

dB; = dBg + V.- po*(t,X;)dt, and b(t,z) =b(t,x) -V, 00*(t,z) — oo™ (t,x)V, log p(t, x).

_1
p(ta Xt)

We let p(t, z, w) be the joint density of (X, By), which solves the following Fokker-Planck equation:

Op  1_, oo* o bp
at_2v““w <a* Id)p Vaw (Vm-a*/)

1 1
= §V2 oo*p+ ftr(Vz p)— V- bp.
Let Xo ~ po be a random variable independent of the Brownina motion (B¢):>¢. Then the full problem is

9 = 12 . go*p+ 3 tx(V2p) — V, - bp, (2.15)

Lemma 2.14. Let p(t,x) be a time-varying density function that solves the Fokker-Planck equation (2.13) for
the process (Xi)¢>0. Define
1 Jw|?

qb(t,w) = We_ 2, 1> 0, w € RY.

Then the solution p(t,z,w) of the Fokker-Planck equation for (X¢, Bi)i>o0 is given by

p(t, , ’LU) = p(t, x)p(t, w).

Proof. We note that

and

Therefore p satisfy the Fokker-Planck equation:

dp 9 ¢ . wP g
o~ o ot ¢< 000 Ve bf’) <2t2_2t) ¢

1 . 1
= §Vi ~(o0¥p) =V -bp+ §tr (Vfﬂp).

Since the initial condition p(0,¢,w) = po(x)d(w) is clear, and we complete the proof. O

Remark. An elementary application of Bayes’ theorem shows that the conditional distribution of B; given X
is described by the density function

pr(wlz) = ¢(w,t) =
Hence B, is independent of X;.
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Lemma 2.15. Let p(t,z,w) = p(t,x)d(t, w) be the solution of the Fokker-Planck equation (2.15)). Then for
any t > s >0, the conditional density associated with (2.15) is

p(t, xe, wels,ws) = pt, ) p(t — s, wp — ws) (2.16)

Proof. We first consider the conditional density p(x:,w:|xs, ws), which satisfies the Fokker-Planck equation
(2.15) with initial condition p(s,z, w|s, x5, ws) = 6(x — z5)d(w — ws). By Lemma

p(ta xtawt|87x5aws) = p57t(xt|$s)¢(t — S, Wy — U)S).

Then
p(t, xy, wi|s, ws) = /R p(8, zs|s, ws)p(t, Ty, we|s, s, ws) dxg
= /Rp P(s,x5)ps.t(Te|Ts)P(t — s, wr — ws) dzs = pt, x¢)P(t — s, W — wy).
Also, as t | s, both sides of has the same limit p(s, ;)0 (w; — ws). O

Remark. If t > s > 0, the joint conditional density of X; and B; — B, given B, is also given by (2.16]), which
depends on w; and w, only through their difference. Therefore, the joint distribution of X, and B, — B, does
not depend on the value of B,. Furthermore, X;, B; and B, — B, are mutually independent:

Ps,t (@, W — ws|ws) = ps¢(@, Wy —ws) = pt, z)P(t — s, wp — ws).

Based on this property, we define %, to be the o-algebra generated by random varibles (X;);>s and (Bg)>s.
Then the continuous semimartingale (B;)¢>o satisfies By — Bs ~ N(0, (t — s)Id) for all ¢ > s > 0. Since the
increment B; — B is independent of %;, we can view the stochastic process (B;):>o as a backward Brownian
motion with respect to the backward filtration (¢;);>0.

Proof of Theorem[2.13 The result (i) is shown in the above remark, and it remains to shown (ii). By definition
of (X, Bt)>0, we can write (X¢)¢>0 as the following forward Ito integral:

¢ ¢
Xt:XOJr/ G(S,Xs)stJr/ b(s, Xs)ds
0 0

t _ t i * Xs
= X —|—/ o(s,Xs)dBs +/ (b(s,Xs) - U(S,Xs)vap(s’)) ds. (2.17)
0 0 p(s, Xs)
To reverse the process, we need to compute the backward Ito integral. Let 0 = 7" < {* < --- <! =1t be

an increasing sequence of partitions of [0,¢] such that maxi<x<m,, [t} — 7" 1| J 0 as m — co. Then

t X Nm . .
/ 01y(s. X.) 0B = tm "o, (17" Xop) (Bly — Bl )
0 k=1

Mm

. =7 7
Jm >, (B - Bip,)

m m m ao’i' m m
X (Uij (tkthtZL ) + (tk - tkil)iatj ( k717XtZL,1) + onij (tktht;c",l) . (Xth — thnl)>
_/ta (s, X,)dB. + f /t 9oy (s, Xs)d(X* B’)
0 1] 9 S S pt 0 3xk Y S ] s
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Hence, to convert (2.17)) to a backward Itd integral, we need to subtract a correction term:

q t .
ngxg+2/ o1i(s, X,)dB’
j=1"0

+/t bi(s X)—Ziaaij(s X)) og(s X)—iaij(S’Xs) ia(akjp)(s Xs)| ds
o 7 I S axk ) S vl I S pS,XS) al'k- I S

j=1k=1 j=1

q t p
, . o 1
= X(’) + E / O'ij(S; .)(S)CZB?9 +/ bi(37 Xs) _ E § : (8(Uazjxakj) (37 Xs) + 0;j0k; 8azgp(s’ Xs)) ds
= Jo K k

t
0 j=1k=1

bi(S,Xs) - Z <6(m‘*)lk(37X9) + (Ga*)ik(a(;Zil)(saXs))] ds.

q t . t
ZX(Z)—FZ/ O'ij(S,Xs)dEi—F/
j=1 0 0

We write this integral to a compact form:

where ¥ = o0*, and

031
6Ik
VeeS=> [ ¢+ |- (2.18)
k=1 \ 9,
8Ik

Equivalently, we write the reverse-time SDE as
dXt = O'(t, Xt) ZlEt + E(t, Xt) dt,

where b=b— V, - X — ¥V, log p is the reversed-time drift coefficient. O

Remark. We can prove a weaker analogue of Theorem [2.13]in the sense of marginal distribution. We fix T" > 0,
and let (p¢)o<t<r be the marginal densities of the process (X;)o<i<7 defined by

dX; =o(t,Xy)dBs + b(t, Xy) dt, Xo ~ po. (2.19)
Then the reverse-time SDE is
dX; = o(t,X¢)dBy + [b(t, X¢) — Vg - B(t, X¢) — S(t, X¢) Ve log p(Xy)] dt, X1~ pr.
We can convert this to a forward-time SDE by defining Y7_; = X;. Then
dY; = o(T — £,Y) dB, — [b(T — 1,Y,) = V- S(T — ,Y;) = S(T — £, V)V, log pr_ (YD) dt, Yo ~ pr. (2.20)

Let (At)o<i<r be the marginal densities of the process (Yi)o<i<r. Then (A)o<i<r satisfies the following
Fokker-Planck equation with \g = pr:

O\ 1
(tht(y) =5V 2T =t9)Mly) + Vy - BT = t,y) = Vy - 2T = t,y) = BT — t,y)Vy log pr—i(y)] Me(y):
Also, let p, = Ar_; be the marginal densities of (Xt)o<¢t<7. Then py = pr, and

o,

Pt (2) = 3 V2220 r) = Vo blt ) = Vo St 0) — St ) Ve log p@)] (o). (2:21)
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We plug-in (5, )o<i<r = (pt)o<i<r into (2.21) to obtain

B w) =~ V2 DMt 0)pu(a) = Vo blts2) = Vo - 3lt,2) = 5(0,2) Ve log pu(e)] (0
= L V2 S0 2)pu(e) — () — Vi B(0,2) ~ (1, 0) V. og ()] - Vapile)
~ Ve blts2) = V3 5(t,2) — (Ve D)(6,2) Ve log pu(z) — (t,2) - 92 log ()] pu(2)
= _%vg CS(t2)p(x) = bt x) - Vapi(z) + (Vo - D) (¢, 2) - Vape(z) + WE(t,x)Vmpt(w)
@)V b 2) + pu() V2 (0 2) + (T 5)(1,2) Vap(2)
+5(00) - Vi) = S Va0 0)”

- _%Vi - N(t,2)pe(x) + pe () V3 - B(t, 1) + 2(Ve - B)(E,x) - Vape(x) + 2(t, ) - Vipy(z)
- b(tax) ' Vmpt($) - Pt(fﬂ)vm : b(ta .’ﬂ)

- %vg - S(t,2)pe(x) — Vo - bt 2)pr(),

which is the Fokker-Planck equation for (p;)o<i<7. Since pr = pr = Ao, the marginal densities (p;)o<i<r
solves the Fokker-Planck equation (2.21)), and p; = p, = Ar—;. This implies

X, 2K, =Yry, 0<t<T.

To summarize, the marginal densities of (X;);>0 and (Y;)¢>0 are reversely aligned.
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