Conformal Prediction

JUNYI L1AO

Conformal prediction is a popular, modern technique for providing valid predictive inference for arbitrary
machine learning models. It deals with a contemporary challenge: when working with a ”black box” algorithm
that constructs a predictive model from training data, how do we establish calibrated prediction intervals around
the model’s output, ensuring they reliably achieve a desired coverage level?

1 Adjusted Quantiles

1.1 General setting

Let (X;,Y;) ~ P, i =1,2,---,n be iid. feature and response pairs from a distribution P on X x ). Let
a € (0,1) be a small error level. We are possibly interested in finding a prediction band én X — ¥ where &
is the class of measurable subsets of ). Moreover, for a new pair (X, +1, Y,+1) ~ P, we hope that our prediction

band covers the true response with high probability:
P (Yn+1 € én(XnH)) >1-a (1.1)

Intuitively, a narrower band yields less uncertainty in our prediction at a constant error level a. We consider a
simpler context where there are no features at all and ) = R. Let ¢ = Quantile(1 — a; P),

P(Yot1 € (—00,q]) =1 -« (1.2)

gives a natural prediction band. Given Y7, --,Y,, ~ P, to approximate quantile ¢, we can use the empirical
distribution n=1 " | dy;:

1 n
An: til 1—a;— oy, | .
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However, our prediction band Cpn = (=00, ¢n] is not an exact confidence set, since ([1.2)) only holds asymptotically
when n — oo under some regular conditions when ¢ is replaced by ¢, . Below we address this problem.

1.2 Adjusted quantiles

We first introduce a useful tool which allows us to generate random variables distributed according to arbitrary

cumulative distribution function F' from a uniform variable U ~ Unif(0, 1).

Lemma 1.1 (Galois inequality). Let F' be a cumulative distribution function (c.d.f.) and Z be an R-valued
random variable such that P(Z < z) = F(z),z € R. Define the corresponding quantile function Qp as follows:

Qp(t)=inf{z: F(z) > t}, te]0,1].

Then for any t € [0,1] and z € R,
F(z)>t < Qp(t) <z (1.3)

Moreover, if U ~ Unif(0,1), then Qr(U) ~ F.



Proof. By definition, F(z) > t implies z > Qp(t). Now suppose z > Qp(t). By definition, Ve > 0, we have
F(z+¢) >t. Since F' as a c.d.f. is right-continuous, it holds

F(z)= lim F(z+¢€) >t.

e—0t

Then we conclude the proof of (1.3). Moreover, if U ~ Unif(0,1), then for any ¢ € [0, 1],
P(Qrp(U) <t)=P(F(t) > U) = F(t).

Hence Qp(U) is distributed according to F. O

Corollary 1.2. Fixt € [0,1]. By setting z = Qp(t) in (1.3)), we have
P(Z <Qr(t) = F(Qr(t) = t.

In other words, with probability at least t, Z is not greater than its t quantile.

Lemma 1.3 (Order statistics). Let F' be a c.d.f. and Y1, -+ ,Y,41 be i.i.d. random variables drawn from F.
Let Y1y, ,Y(n) be the order statistics of Y1,---,Y,. Then

k
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k=1,---,n. (1.4)
Proof. We first prove that Qr is non-decreasing. Since F' is non-decreasing, if ¢; < to, we have

{z:F(z)>t1} 2{z: F(2) >t} <& inf{z:F(z) >t} <inf{z: F(z) > t2}. (1.5)
Now we show (1.4). Let Uy,--- ,Upy1 - Unif(0,1). By Lemma we have the representation Y; = Qr(U;)
fori=1,---,n+1. Since QF is non-decreasing, Y,y = Qr(Uy)) holds, where U(yy, - - - , U, are order statistics
of U,---,U,. By (L.5), we have

k

P(Yni1 < Yy) = P(Ung1 < Uy) = E [P(Unt1 < Uy U, -+, Un)] = E[Uy] = 1

Then we conclude the proof. O
Remark. If F' is continuous on R, then (1.4)) becomes an equality:

k

P(Yot1 < Y)) = il

Now we are prepared to introduce the adjusted quantile for empirical distributions.

Definition 1.4 (Adjusted quantile). Let a € [0,1]. The a-adjusted quantile of the empirical distribution of
i.i.d. random variables Y7, --,Y,, is defined as

. . l-—a)in+1 -
Gn = Quantile (W, 253/1.) = Y([(1=a)(n+1)])- (1.12)
Using this definition, we can achieve (1.1)) exactly by setting C, = (=00, @n). Moreover, if Y7, -+, Y, 41 are

drawn from a continuous distribution, we can bound the coverage rate of C,, as follows:

(1= a)(n+1)]

_ 1
P(Ynﬂecn)f o E{la,laqL). (1.6)

n+1



An alternative formulation. Parallel to Lemma we can prove P(Y,, 11 > Yiy)) > 1
Then we define

k
_TH7 k‘:l,---,n.

_ . a(n+1 "
qn = Quantile (L(n)J, E (53@) =Y(a(m+1)))
i=1

and we can also achieve (|1.1)) exactly by setting Cn = [Gn, 00). Similarly, (1.6) holds in a continuous setting.

2 Split Conformal Prediction

Regression Setting. In a regression task, we observe both the features X; € X and responses Y; € R. A lot
of algorithms allow we to construct find a point estimator f,, : X — R that predict the value of Y; based on X;.
Then, we consider the residuals the on training set:

R, =Y, — fn(Xy)], i=1,--- n.
Let @, be the adjusted 1 — a quantile of Ry,--- , R,, we can immediately construct a prediction band:

Cu(a) = {y: ly — ful@)] < Gu},

or equivalently,

Cul@) = [ Fu@) = G, Fulle) + ]
However, this prediction band may undercover because R, 11 = |Yn41 — fn(XnH)| is not exchangeable with
Ry, , Ry, since f; is only trained on {(X;,Y;)}? . (Generally, R,,;1 are greater than expected.)

2.1 Overcovering conformal sets

Symmetrization. From the above analysis, it is necessary to generate residuals satisfying the exchangeability
condition if we want to use the adjust quantile method. In this context, the split conformal prediction will be
helpful. The split conformal prediction divides the training set D into two disjoint subsets:

e proper training set D1 € D with |D1| = nq, and

e calibration set Dy = D\D; with |Ds| =ny =n — n;.
Then, fit a point estimator fnl on the proper training set {(X;,Y;), ¢ € D1}, and calculate the calibration
residuals {R; = |Y; — ﬁ,l(Xj)L j € D3} and the conformal quantile:

1-— 1 1
Gn, = Quantile w; il Z Or,
n2 na
JjED>
Use ﬁh and @, to construct the conformal set
Cp = |:fn1 (T) = Gnys fry () + ‘/]\nz}

Conditioning on the proper training set {(X;,Y;),7 € D1}, the calibration residuals {R;,j € Dy} and the test
residual Ry41 = Y41 — fn, (Xn41) are i.i.d., hence our confidence set satisfies (1.1]) exactly:

P (Yn+1 € Co(Xn1) | (X3, Vi) i € D1> _d 72‘3?? DI {1 —a,l—a+ n21+ 1) . (2.1)

Modification of residuals. Let V(z,y) be a negatively-oriented score function that measures the conformity

of point (z,y) (negatively-oriented meaning that a lower value indicates better conformity). For example, in



the previous discussion, V(z,y) := |y — fm (z)|- Then we generalize the residuals by the conformity score:

R;:=V(X;,Y;), j € Da,

707

RnJrl = V(Xn+17 YnJrl)'

And we can construct the conformal set:

Cp(z) =< y: V(z,y) < Quantile (=)o £ 1] ; L Z OR, . (2.2)

ng n2 o
Relation to the prediction algorithm. It can be seen that the width of the prediction band is exactly
the same at each point z € X. Any prediction algorithm (which fits or interpolates the proper training set D
by a point estimator) produces a conformal band with valid coverage, which protects the point estimator J/”\nl
against overfitting. However, a good prediction algorithm often yields a smaller prediction sets, because the
point estimator fnl (X) falls in high density regions of our conditional distribution Py |x.

2.2 Auxiliary randomization*

The conformal set (2.2)) can be rewritten as a c.d.f. form:

[(1—a)(n2 +1)]
na

1

Co(r)=<qy: — E LR <v(ay)y) =
ny

Jj€D2

Denote by ﬁn2+1 the empirical distribution of {R;,j € D2} and R,41. Then

~ ~ 1-— 1
Yor1 € Cn(Xng1) & Foyp1(Rag) < [(2 = 2)(na + 1)]
ng + 1

which occurs with probability at least 1 — «.

The following proposition is useful in our analysis.

Proposition 2.1. Suppose an R-valued random wvariable Z is distributed according to c.d.f. F. Then the
random variable F(Z) is sub-uniform, i.e. P(F(Z) <t) <t for each t € [0,1]. Furthermore,

P(F(Z)<t)=t <« te{F(z):z€eR}.
Proof. If t € {F(z) : z € R}, let z* = sup{z : F(z) < t}. Then either F(z*) =t or lim._,o+ F(z* —¢) = ¢, and

P(Z < z*) =lim o+ F(2* —€) =t, t ¢ {F(z): z € R},

P(F(Z)<t)= P(Z <z)=F(z*)=t, t € {F(z):z€R}.

If t ¢ {F(2): 2z € R}, then there exists ¢ > 0 such that
B(F(Z) < 1) = P(F(Z) <t — &) = P(F(Qr(U)) <t — ) <PU<t—¢) =t —¢,
where U ~ Unif(0, 1), and the inequality follows by Corollary Therefore P(F(Z) <t) <t, and
P(F(Z)<t)=t

if and only if t € {F(z) : z € R}. O



To deal with possible discontinuity of a c.d.f. F, we make a modification

F*(z;u) =uF(2)+ (1 —u) lim F(z—¢), ue€l0,1].

e—0t
Then if F' is discontinuous at z, we can connect F(z) and lim._, .+ F(z — €) by sliding w in F* from 0 to 1.
Proposition 2.2. Suppose Z ~ F and U ~ Unif(0,1). Then P(F*(Z;U) <t) =t for each t € [0,1].

Proof. Fix t € (0,1), and let z* = sup{z : F(z) < t}. The case of z* € {z: F(z) < t} is easy. We show the

case of z* ¢ {z: F(z) <t}. By we know that F(2*) > t, and F~(z*) := lim. g+ F(z* —¢) < t.

Note that

I et i 0 B FE) =t o
CEE - F*(z*)F( )+ i) = F- ()" (),
we have
= F(2") + (F(2") — F(2Y)) F(tz_) F_F(Z*()Z*) .
Then we conclude the proof. -

Back to our discussion of conformal sets. Note that

. R 1
Fryr1(Rpy1) = Z Lir, <R,y + 1], 615(% Foyp1(Roy1 —€) = S Z L{R;<Rni1}

ne + 1
2 JED, JED,

we can calculate the modified empirical distribution function ﬁ;:z e

1

/\* . o u
Fn2+1(Rn+lvu) T a1 Z 1{R7'<Rn+1} + m Z ]l{Rj:Rn+1} +1
JE€ED2 JjED>
By defining the randomized confidence set
Gret)={y: —— Y1 L 1) <1-a (2.17)
n\% - y: No + 1 . {R; <V (z,y)} Ny + 1 , {R;j=V(z,y)} - ) :
JE€ED>2 JEDo
we have
F;2+1(Rn+1; U) <l—-a < Yn+1 c C,:(Xn+1; U) (218)

Applying Proposition 2.2
i (Yn+1 € C(Xpy1;U) | (X0, Vi) i € D1> —P (ﬁ;2+1(Rn+1; U)<1—a|(X,Yi),ic D1> —1-a (219
It can be seen that our auxiliary randomization achieves an exact coverage in our prediction sets.

2.3 Conditional coverage

From (2.1), we can see that split conformal prediction comes with the strong, distribution-free coverage guar-

antee. By marginalizing over the proper training set, we get the unconditional coverage property:

N 1
P(Yn C, (X, ) 1—a,1— .
41 € ( +1) €|: « Oé+n2+1)



2.3.1 Conditioning on entire training set

Lemma 2.3. Let X1, -+, Xp41 L F, where F is continuous on R. Let Xy, , X(y) be the order statistics
of X1, -+, Xn. Then

P(Xpi1 < Xyl X1, Xn) = Beta(k,n+ 1 — k). (2.21)
Proof. Let Uy,---,U, g Unif(0,1), and X; = Qp(Us). Let Uyy,i = 1,---,n be the order statistics of
Ui, - ,Up. Since I' is non-decreasing, we have X;y = Q(U;),i = 1,--- ,n. Moreover, the continuity of F

implies F(Qr(u)) = u, Yu € [0, 1], because Qp(u) = inf{z : F(z) > u} € {z: F(z) = u}. Then

P(Xni1 < Xy X1, Xn) = P(Xpp1 S Qr(Uw)|Ut, -+ ,Un)
= F(QF(U(k))) = U(k) ~ Beta(k,n —k+ 1), (2.22)
which concludes the proof. O
The following proposition is an immediate corollary of Lemma 2.3.

Proposition 2.4. Consider the form of conformal set given in (2.2). Provided the residuals are almost surely
distinct, it holds
P (Yn € Co(Xpyn) | (X0, Yi)yi =1, n) ~ Beta (ka, 12 + 1 — ka) ,

where ko = [(1 — a)(ne +1)].

Remark. This distribution has mean

ko [(1=a)(ns +1)]
ng + 1 ng + 1

)

which is the same as the marginal version. Moreover, the variance

ka(no +1—ka) all —a)
(ng+ 12y +2) ~ ng+2

decreases as the calibration set Dy expands.

2.3.2 X-conditional coverage

Our prediction band has the same width and coverage at each test location x € X. Therefore the coverage
conditional on X, is obtained easily:
[(1—a)(ne +1)]

i (Yn+1 € Co(@)| (X1, Y3)i € Dy, Xpyy = x) - >1-a, VzedX.
ng + 1

3 Full Conformal Prediction

Another idea of generating exchangeable residuals is to include the test data in the regression stage. We do this
in a subtle approach: fix any test location = € X', we evaluate how possibly a given response value y € R falls
in our prediction band an(x) The value y is called a trial or query. The procedure of full conformal prediction
is summarized below:
e Fit a point estimator ﬁh(w,y) on an augmented training set: (X1,Y1), -, (Xn, Ya), (z,9);
e Define residuals:
ROV = Yi= fay(Xi)l, i=1,m,

(3

Rﬁﬁ) = |y - fn,(x,y) (1’)|



e Define the conformal set:

Ch(x) = {y : Réﬁyl) < Quantile (M Z(SR(JD y>> } (3.2)

By plugging in (z,y) = (X,+1, Ynt1) to equation (3.1), we can produce residuals {R; := REX"“’Y"“)} that are
exchangeable if our prediction algorithm treats all training point indiscriminately. Hence

P (Yn+1 c én(XnH)) >1-a

and an upper bound 1 — a + == holds if all residuals are almost surely distinct. This approach has adaptivity
to the test location, meaning that the band width is not a constant over the whole region. Meanwhile, it is far
more computationally expensive than split conformal prediction. Theoretically we need to fit a point estimator
at each location y € Y C R, which is intractable if ) is continuous. Practically, we do this over a finite grid of
y values, which still requires large computation cost.

All of the extensions mentioned in the split conformal section carry over to full conformal prediction.
Modification of residuals. Any symmetric negatively-oriented score function can replace the absolute resid-
ual score:

R£x7y) :V((Xi;)/i);(Xlayl)v"' 7(XnaYn)a(x>y))a i:1,~~- y 1,
Ry(;:’-yl) :V((Ivy)a(Xh}/l)a 7(Xn7Yn)7(xay))

Here V is symmetric in its last n + 1 arguments, which ensures the exchangeability of residuals.

Auxiliary randomization. Inject auxiliary randomness in the conformal set:

~ 1 n U n
Cp(z) = {95 n+1§l{R§I*y><R<W)}+ 1 <21{Ruy> R(zy)}+1> < 1—04}

This conformal set possesses an exact coverage of 1 — a.

Connection to hypothesis testing. The conformal set in (3.2) can be rewritten as

CA’n(m):{y:Z]l R(zy)>R<xy>} MW}

{y:Z]l R<Ly><R<u>}_L(n+1)1J}~ (3.6)

p-value for Hp:Y, 1=y

Hence it is equivalent to a hypothesis testing where the null hypothesis is Hy : Y,,+1 = y, and we compare the

p-value to an adjusted significance level W

3.1 Impossibility of X-conditional coverage

In this subsection, we investigate the X-conditional coverage property of distribution-free conformal sets over
the feature space X. We first introduce the following tensorization inequality of total variation.

Lemma 3.1 (Le Cam). Let P,Q be two probability measures on X C R, and P®", Q®™ the corresponding
product measures on X™. Fiz ¢ > 0. If dryv(P,Q) < €, := 1 — (1 — €2/2)Y/", then we have dry(P®",Q%") < .
Here dyy stands for the total variation between two probability measures.



Proof. Recall the definition of squared Hellinger distance: H?(P, Q) = 2—2Eq [ g—g , we have the tensorization
property of Hellinger distance:

B <ﬁPi’ﬁQi> =2—2ﬁ [1_5[2(1;1’7621')} .
=1 =l i=1

Use the sandwich bound for total variation:

1 H?
~H? <dry < Hy\/1-— < H,
2 4
we have
H2(P "
dry (P9, Q") < \/HP(Po7. Q7] = \/2 2 (1- TR < T anE Q)
2 1/". .
Hence dry(P,Q) < e, =1— (1 - %) implies dpy (P®", Q%) < e. O

The following theorem is drawn from [Lei and Wasserman! (2014), which reveals the impossibility of construct
uniform X-conditional coverage in a distribution-free setting.

Theorem 3.2 (Impossibility of finite sample conditional validity). Suppose that én is a prediction band produced
by i.i.d. (X;,Y;))~P, i=1,---,n, and C, satisfies
P (Yn+1 S an(l') |Xn+1 = :L') >1—«

for any distribution P and Px-almost every x, where Px is the marginal of X. Then for any P and any
xg € N(Px) :={z € X : lims_,o Px(B(z0,0)) = 0}, we have

P (hm ess sup u{én(x)} = oo) =1, (3.3)

6—0 x€B(xz0,0)

where i is the Lebesgue measure, and B(xg,0) == {x € X : ||z — xo|| < 0} is the closed ball centered at xo of
radius 0.

Proof. Fix € > 0, and let
en=1—(1-€e/2Y", n=1,2---.

Let g be a non-atom on Px and choose d,, > 0 such that Px(B(zo,d,)) < €,. Fix K > 0 and let Ky =
Given P, define another probability measure

K
2(1—a) "

Q(A) =P(ANS)+U(ANS), §={(z,y) : © € B(xo,0n),y € R},
and U has total mass P(S) and is uniform on {(z,y) : © € B(z0,9),|y| < Ko}. Then we have

drv(P.Q) = sup{P(4) = Q(4)} = sup{P(ANS) = U(AN )} < P(S) < e

By Lemma we have dy (P®", Q%") < e. Moreover, for all z € B(zg,d,), note that

I*QS/A dQY\X(y‘m):/A dUy x (ylz) < 5Ky

Chp(x) Ch(z)



then {@ (x )} > 2(1 — a)Ky = K. Therefore

Q®”{ ess sup ,u{an(x)} > K} =1,

z€B(x0,0)
and
P®"{ esssup u{an(x)} > K p > Q%" esssup u{én(z)} > K p—dry(PP",Q%") > 1—e.
z€B(x0,0) z€B(x0,0)
Then (3.3]) follows as a result of ¢ — 0 and K — o . O

We can interpret the result as follows. In an arbitrarily small neighborhood B(zg,d) of a non-atom point
xo € X, any prediction band, claiming to cover the response at almost every point in B(zg,d), for every joint
distribution P, is infinite in size.

4 Conformal Classification

4.1 Likelihood scores

Consider a classification problems where the response Y is drawn from a label set Y = {1,---, K}. Similar
to the idea of split conformal prediction discussed in section 2, we first train a probabilistic classifier fnl =
{ﬁh(gk),k = 1,--- , K} over the proper training set {(X;,Y;),i € D;}. To be specific, fnl(x k) predicts
P(Y =k|X =z) for each k =1,--- , K. Then, we can calculate likelihood scores on the calibration set:

{Rj = -}?'nl(X]’Y})7 ] S DQ}

Note that this is an example of positively-oriented score, which indicates the probability assigned to the correct
class. Then we can construct the conformal set as follows:

Cu(w) = { K € [K]: Fu (i) 2 Quantite | L2022 DL L 57 5
2 jeDs

4.2 Adaptive prediction sets

To make the conformal prediction sets more adaptive, [Romano et al.| (2020) propose a conformity score based
on cumulative likelihood. For each j € D,, let m; be the permutation of 1,---, K that sorts the predicted
probabilities in decreasing order:

Fun (X33 75(1)) 2 for (X3 m5(2)) = - > Fuy (X375 (K)).

Then the cumulative likelihood is

Ri:Zj/’\m(Xj;ﬂj(i)), where 7;(k;) =Y, j € Do,

i=1

which is a negatively-oriented score. Then the adjusted quantile is defined as

Gn, = Quantile (A= )2+ 1] Z or; | »

n
2 J€D2



and the confidence set is defined as

k
an(;v) ={m.(1), -+ ,7mx(ks)}, where k; = min Zf (2;72(5)) < Gn,

5 Likelihood-weighted conformal prediction

Motivation: covariate shift. In many instances, the covariates in test set is not identically distributed as

in training set. Consider the following setting of covariate shift:

(Xiv}/i)ll\(/jp PY\XPX7 izlv"'vna (51)
(Xnt1,Yna1) ~ pP= PY‘XPX7 independent of {(X;,Y;)} ;. '
In general, the distribution shift impacts the exchangeability among residuals.
Review: rank-based quantiles. In Lemma we have shown that for exchangeable variables Ry, --- , Rp11,
P < Quantil k. Z ) i (5.2)
R, uantile [ —; — .
+1 o R; il
Since R,41 is never strictly greater than itself, that R, 1 is greater than the k smallest of Ry, -, R, is

equivalent to that R, is greater than the k smallest of Ry, -, R,11. Hence (5.2]) can be rewritten as

k 1 n+1 k
P < il > .
(Rn+1_Quant1e< T n+126R1>>_n+1

Let ko = [(1 — a)(n + 1)]. Recall the definition of quantile function Qr(t) = inf{z : F(z) > ¢}, 0 <t <1, we

know that the quantile of empirical distribution n%rl "+1 dg, only changes in increments of 1/(n + 1). Hence,

its 1 — a quantile is equivalent to its ko /(n + 1) quantlle7 and

n+1
, ko
P (Rn+1 < Quantile (1 +1 g 5&)) > ﬁ >1-a. (5.3)

Finally, let’s consider a discrete distribution F' supported on m points s1,- -+, s, € R. Fix ¢t € [0, 1], and denote

= Qr(t) = inf{z : F(z) > t}. If we reassign the points s; > ¢; to arbitrary values strictly greater than ¢,
yielding a new distribution F’, then it still holds ¢; = Qp-(t). Using this fact, we can rewrite (5.3)) as

n 600
E o+ — >1—a. .
17‘_16Rl+n+1>>_1 " o0

1
P (Rn+1 < Quantile (1 — oy

5.1 Weighted exchangeability

We first introduce a generalization of exchangeability for random variables.

Definition 5.1 (Weighted exchangeability). A group of random variables Ry, - - , R,+1 are said to be weighted
exchangeable with respect to weight functions wi,- - ,wp11, if their joint density (more generally, Radon-
Nikodym derivative with respect to an arbitrary base measure) admits the following representation:

n+1
Flriseragn) = [ wira) - g(r -+ rnsa), (5.5)
where g is a permutation invariant function, i.e. g(r1,---,7n) = g(7o(1),"** , To(nt1)) for all permutation o.

10



Lemma 5.2 (Quantile lemma). Let {Z;,i =1,--- ,n + 1} be n exchangeable random variables with respect to

weight functions wy,- -+ ,wn41. Let the scores be
R?,:V(Zlvzlavzn)a i:17"'an+1a
where V' is any score function symmetric in its last n + 1 arguments. Define

n+1
ZO’ :o(n+l)= iH_j:l wj(zo(j))
Y, 15w (20()

where the sum is over permutations o of numbers 1,--- ;n+ 1. Then for all a € (0, 1),

P (21, Zng1) =

n

P {Rn+1 < Quantile (1 - a;zpq{"(zh o Zny1)0R, + (21, ;Zn+1)5oo> } >1-a. (5.6)
i=1

Proof. We fix 21, - , zn+1 and denote by E(z1,- - , z,+1) the event that {Zy, -+, Z,11} = {21, -+, zn+1}- Let

ri=V(zi;21, - ,Zn41), 1 =1,--- ,n+1, and denote S(i) = {j € [n + 1] : 7, = V(zj;21, -+ , Zny1)} (which is

introduced to deal with possible ties in r1,--- ,7,4+1). Using the joint density of Z1,- -, Z,41 given in (5.5)), for

each 1, it holds

P(Rust = 1l EGr- 2a01)) = B(Zass € {25 € SGHEG1 - 2n41))
 Yeomrnes) Lj—1wi(20))9(Za(1), s Zo(n+1))
- 2o =1 wi(z0 ()9
_ ZUU(nJrl)ES )H; 1w (20())9(21, 5 Znt1)
B Z H 1wg( U(]))g(zh ey Zng1)

= Z pk (Zla"' 7Zn+1)-

keS(i)

(Zo(1) " 5 Zo(nt1))

The the second equality follows from permutation invariance of g. Then we have
n+1

Roy1 | E(z1, -+ 5 2ng1) ~ ZP?(ZM"' s Zn+1)0r,; -

By Corollary we have
n+1
P {Rn+1 < Quantile <1 — ZP;‘U(ZL i ,Zn+1)5m> ‘E(Zl, i ,Zn)} >1—a. (5.7)
i=1

We can then replace each r; with R; in (5.7), and marginalize on E. Akin to the discussion above (5.4]), we can
change the point mass at R,,+1 to one at oo and derive a form of (5.6, which concludes the proof. O

Following Lemma we can design a weighted version of conformal prediction.

Theorem 5.3 (Weighted conformal prediction). Assume that Z; = (X;,Y;) € X x V,i = 1,--- ,n+ 1 are
weighted exchangeable with respect to weight functions wy,--- ,wpy1. Let V' be an arbitrary score function that
is symmetric in its last n + 1 arguments. Define scores

RV = V(X0 Y Zvo  Zas(2yy)), i= 10,
Rf,;,yl = V((%y),Zl, uva(x7y))'
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and a conformal set

é;f(ac) = {y : R;ﬁ?{) < Quantile <1 — o Zp;” (Zl;n, ($7y))(5R§z,y> +p$+1(Z1;n, (:my))éoo) } , (5.9)

i=1
where {p¥,i=1,--- ,n+ 1} are defined in (5.8). Then 6}{’ satisfies

i (YnJrl e é;f(xnﬂ)) >1-a. (5.10)

Proof. Abbreviate R; = REX"“’Y"“),Z' =1,---,n + 1. By construction of CA'}{J in (5.9), our conclusion (5.10)
follows right from Lemma O

Split version. The split conformal version of the above result can be viewed as a special case where the score
function relies on a point predictor that has been fit on an external dataset. For example, if we take it to be
V(z,y) = |y — fio(z)|, where [igp has been pre-trained on a data set Zg, then (5.9) simplifies to

i=1

n
C’:JL) (l‘) = ZZO(x) + Quantﬂe (1 — Qg ZP:U (Zl:na (337 y))6|Yifﬂ0(Xi)| + p’qubj-‘rl (len7 (xa y)>500> ’ (516)
which has coverage at least 1 — «, conditional on Zj.

CDF form. The set (5.9 can be rewritten as

= {y . Zpr(zlna ($>y))1{R5$1y)SRS¢1{)} < I_l - a-lw} 5
=1

~

where [1—a],, = min {T € Range(F“’ T>1-— a} ,and F is the c.d.f. of the weighted empirical distribution
Z?:lp}u(zla"' aZn7(x7y))6 (zy)+pn+1(Z1, 3 nv( )

Auxiliary randomization. Parallel to our discussion in secntion 2.2, we can construct a randomized confor-

mal set which as exact 1 — a coverage:

n n+1
Gy (x) = {y : ZP?(Zl:m (xay))]l{R(’E W <rED) + UZPZ (Z1n, (=, y))]l{Ru v_peEn) S1— a},

n+1 i=1 n+1
where U is an independent Unif(0, 1) variable.

We can also randomize the quantile form in (5.9) using an external variable

l—a—|1-
B" ~ Bernoulli a—[l-alu ,
[1—aly — |1 —aly

where |1 — a,, = max {7’ € Range(F¥) : 7 < 1 — a} . The randomized conformal set is
R n
C’s},* — {y . Rgﬂ_{_’l{) gB“’Quantile<1 — Zp;ﬂ (le’ru ($, y))(Sway) + p:LU+1 (le’ru (xv y))éoo)

i=1

+ (1 — Bw) <|_1 - aJw§ ZP;U (lena ($>y))6R§w,y) +pg)+1(Z1:na ($>y))600> }

i=1

Both the two randomized conformal set have exact 1 — « coverage.
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5.1.1 Conformal prediction for covariate shift
We now demonstrate how to apply the above results to derive a covariate-shifted version of conformal prediction.

Proposition 5.4. Suppose that {Z; = (X;,Y;),i = 1,--- ,n+ 1} is distributed according to model (5.1))., and
Px is absolutely continuous with respect to Px with Radon-Nikodym derivative w = dPx /dPx. Suppose V is a
score function that is symmetric in its last n + 1 arguments. Define

P (x) = =5 , i=1,---.n and 75 (z) ==z . (5.11)
Zj:lw(Xj) + w(z) i Zj:l w(X;) +w(z)
Fiz a nominal error level a € (0,1), and define a weighted conformal set at a point x € X by
C¥(z) = {y : R"Y) < Quantile (1 - Zw;ﬂ(x)(sw,y) + ﬂ,’{’_,_l(x)(;oo) } , (5.12)
i=1
where {Rz(x’y)} is defined in (5.8)). Then 6}1” satisfies
P (Yn+1 c ég(XnH)) >1-a. (5.13)
Proof. Since {Z; = (X;,Y;),i = 1,--- ,n} are ii.d., their joint distribution are symmetric. Then we can set
wy, -+ ,wy, to be 1. Moreover, set w,11 to be an importance ratio:
" dP _ dPy
~dP  dPx’

which is the Radon-Nikodym derivative. Hence {Z; = (X;,Y;),i = 1,--- ,n} is exchangeable with respect to
wy =1, ,w, =1 and w,41 = w. According to (5.8)), for {z; = (x;,v;),i=1,--- ,n+ 1},

pw(z . ) Zo-:o-(nJrl):i wn-‘rl(xa(nJrl)) n'w(zz) ’LU(JCZ)
1 1" s 4n41) = = = ’
! " Yo Wnt1(To(ni1)) n! Z?ill w(x;) Z?ill w(x;)

namely, 7 (z) = p¥(Z1,- -+ , Zn, (z,y)), i = 1,--- ;n+ 1. Then the coverage property of 6}{’ given in (5.12)) and
(5.13)) follows from Theorem [5.3 O

5.1.2 Likelihood ratio estimation

In weighted conformal prediction, we need to estimate the likelihood ratio w = dPy /dPx. Suppose we have
access to unlabeled data X, 1, -+, Xp4m € X at prediction time. Then we can use any classifier like logistic
regression or random forests to estimate probabilities of class membership.

e Add class labels to the training data {(X;,C;)}7"", where we assign C; =0 for i = 1,--- ,n and C; = 1

fori=n+1,--- ,n+m.
e Train a classifier p: R — [0, 1] on {(X;, C;)}™ such that p(z) estimates the probability P(C = 1|X = z).
Note that the odds ratio
P(C=1|X =2) P(C=1)dPx

P(C=0/X=2) P(C=0)dPx’

By (b.11)), it suffices to know the likelihood ratio up to a proportionally constant. Therefore, we can estimate

our weight function by

. plx)
w(x)—m,

and construct a weighted conformal set according to (5.11)) and (5.12).
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5.1.3 Generalization: Conformal prediction for structured-X settings

We now consider a more general case of covariate shift, in which we assume a joint distribution A of our
training and test samples. This can be useful in certain structured-X settings, for example, where the sequence

X1, -+, Xpa1 has some kind of Markov structure.
Model. We assume {Z; = (X;,Y;),i =1, -+ ,n+ 1} are distributed to

(X17 e 7X71+1) ~ A7
Yi| Xi ~ Py|x, independently, for i =1,--- ,n+1.

Furthermore, let A be the joint density (or more generally, Radon-Nikodym derivative with respect to a base

measure) of Xq,---, X,,.

Theorem 5.5. Let V be a score function that is symmetric in its last n + 1 arguments. Define conformity

scores {Rl(w’y)} as in (5.8), and

Ea:a(n+1):i )‘(‘rd(l)> ) mo(n+1))

A
pi (@1, Tpy1) = (5.14)
Zo A(xa(l)a e 7xo(n+1))

Define the conformal set at a point x € X with nominal error level a € (0,1) by
CMz) = {y : Riﬁﬁ) < Quantile (1 - a;pr‘(Xl, e ,Xn,x)ngm,y) +ppar(Xy, - ,Xn,x)5oo> } . (5.15)
i=1

Then éﬁb satisfies
P (Yn+1 € ég(XnH)) >1-a (5.16)

Proof. We fix {zl = (xi,yi)}?zl and denote by E(z1, -+ , zp41) the event that {Z1,--- , Z,41} = {21, , Znt1}-
Let Ty = V(Zi;zla e az'fH—l)? 1= 17 o ,TL+ 17 and denote S(Z) = {.] € [n+ 1] Ty = V(Z]7Z17 te 7Zn+1)}' Then
we have for alli =1,--- ,n + 1 that

P(RH-H = 7’1’|E(217 T 7Zn+1)) = P(ZH-H € {Zj 1J € S(i)HE(Zla ce azn+1))
 Ywtmrnesm Mo o) T pyix (vile:)

- n+1
S A1), s Tonrn) Ty Py x (wil2s)

= Z pR(z1, - s Znga)- (5.30)

kES(7)
Then we have
n+1
Rn+1 | E(Zh e uszrl) ~ sz)\(zlu e 7zn+1)§ri- (531)
i=1
The remaining part is akin to the proof of Lemma [5.2] O

Theorem constructs a conformal set (5.15)) with general coverage (5.16)). However, the computational
expense can be extremely high because the cauculation ([5.14)) is complicated, even intractable when n is large.
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6 Non-exchangeable Conformal Prediction

In this section we discuss non-exchangeable conformal prediction, as developed in |Barber et al.| (2022). This
approach does not require the assumptions of exchangeability of the data. It is also referred to as custom-
weighted conformal prediction, since the weights are fixed manually instead of being a function of the data.

6.1 Robust inference through weighted quantiles

As an extension, let {Z; = (X;,Y;),i = 1,--- ,n + 1} be data points (with the last one Z,,11 = (Xpn41, Ynt1)
serving as the test point) that are no longer changeable, and V' a score function. For non-exchangeable conformal
prediction, we choose a set of fixed weights wy, - -+, w, € [0,1] such that a higher weight is associated with a data
point that undergoes less distribution shift from Z,, (for example, in sense of temporal or spatial proximity).

To simplify notation, in what follows, given w; € [0,1],i =1, -+ ,n, we define normalized weights

- w; . d @ 1
Wi = =—=n 5, t=1L,---,Nn, aln Wn4+1 = < -
i wit1 i wit+1

So far, we still assume that the score function V is symmetric in its last n 4 1 arguments. With the normalized

weight given, we then define the full conformal set:

C¥(z) = {y : R;ﬁli) < Quantile (1 - Zﬁi(SREw,y) + @nﬂéoo) } ) (6.1)

i=1
where the conformity scores {Rgx’y)} are defined in (5.8).

Split version. As before, the split conformal version of the above result can be viewed as a special case where

the score function relies on a point predictor that has been fit on an external dataset:

a;f(x) = ﬁo(x) + Quantile (1 — Zwiém,ﬁo(xm + ﬁn+15m> , (6.2)

i=1
where [ig is a pre-trained model.

Remark. In fact, we can recover the classical conformal prediction methods (unweighted version) by setting
weights w; = -+ = w, = 1. Furthermore, as in the discussion of likelihood-weighted conformal prediction,
we can derive the CDF form and auxiliary randomization (but here it is not clear we will achieve an exact

coverage).

The theoretical results of these conformal sets will follow as a corollary of more general results that also
accommodate nonsymmetric algorithms, which is going to be discussed in section 6.2. For brevity, we do not
restate them in this section.

6.2 Enhanced predictions with nonsymmetric algorithms

Now, we will allow the score function V' to be an arbitrary function of the data points, removing the requirement
of being symmetric in the last n + 1 arguments. Namely, the prediction algorithm does not treat all input data
points in a symmetric way. For instance, the order of input data matters. We first introduce some notations:

e Denote by Z = (Z1,- -+, Z,41) the data vector (an ordered sequence),

o Zi=(Zy, ,Zi 1, Zni1, Ziv1y 5 Zn,y Z;) the sequence with components i and n + 1 swapped, and

o R(Z) the conformity score vector corresponding to data Z, with components R(Z),; = V(Z;;Z).
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With the added flexibility of a nonsymmetric prediction algorithm, we will need some key modification to
the methods to maintain predictive coverage. Our modification requires that, before applying the model fitting
algorithm, we first randomly swap the tags of two of the data points in the ordering.

We first draw a random index K from a multinomial distribution which puts mass w; at value i:

n+1

K~ ;. (6.3)
=1

Then we apply our prediction algorithm to data Z* in place of Z. Let Z(*¥) = ((X1,Y1),---, (X, Yn), (z,%)),
our conformity scores are defined as follows:

RO — v (X3, Y (200) ) i= 1,

1 6.4
RGP = () (20)"). N

After drawing a random index K as in (6.3]) and obtaining the conformity scores in (6.4)), the prediction set is
given by

C¥(z) = {y : RWYE < Quantile (1 — o Z@i(sREw,w,K + anﬂ(sm) } : (6.5)

i=1

Now let’s investigate the coverage property of the conformal set given by (6.5). The following theorem gives
a lower bound on coverage, which can be seen as a generalization of its counterpart of exchangeable data points

and symmetric score functions.

Theorem 6.1 (Lower bounds on coverage). Let V' be an arbitrary score function. Define the random index
and the conformity scores as in (6.3)-(6.4). Then the non-exchangeable full conformal set 5}1” given by (6.5))

satisfies
P (Yn+1 c @f(XnH)) >1-a-Y @ -drv(R(Z),R(Z). (6.6)
i=1
This result also holds for split conformal sets|(6.2) and|(6.3) with random index K dropped.

Proof. For brevity, we denote RX = REX"“’Y”“)’K, t=1,---,n+ 1. The definition of the non-exchangeable

conformal set implies

n
Yot1 ¢ ég”(Xn) & RE.| > Quantile (1 — ZiuviéRf + ﬁnﬂdoo) . (6.7)
i=1
Note that
R(ZK) = (Rf{v t 7RII§—17 RTIL{+17RII§—17 T 7RTIL{7 R?) 5 (68)
we have
> @idgs + Bnsidoo = Y Widgs + Bk (g + 0 ) + (@1 — Tx) boc, (6.9)
i=1 ’ i=1,i£K
n+1 n
D Wid iy, = Y, Widpx + UK (531; + 5%1) + (@1 — WK ) O (6.10)
i=1 i=1,i£K
Since wy, -+ ,w, € [0,1], we have W41 = max{wWy, - ,Wy+1}. Hence the distribution is greater than
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(610), and

n n+1
Quantile (1 — Z{EiéRK + 717n+1500> < Quantile (1 — o Z @i(s(R(ZK))i> .
i=1

i=1

Combining (6.7]), and yields

n+1
Y1 ¢ CY(X,) = (R(ZK))K > Quantile (1 — Zwié(R(ZK))i> & Kes (R(ZK)) , (6.11)
i=1
where we define for any r = (ry,--- ,7,41) € R""! the strange point set:

S(r)

i€ n+1]:r > Quantile | 1 — «; Z@j&j
j=1

Suppose R ~ Z?:l w;0y,, which is a multinomial distribution. By Corollary we have

Z w; =P | R > Quantile | 1 — «; Z{Djér]. <a, (6.15)
i€S(r) j=1

which holds for all r € R*t1,

Recall that K ~ 277“ W;0; is independent of Z := Z(X»+1:Yn+1) we can bound the probability of the last

i=1

event in (6.11)) as follows:

n+1

P{K € S8 (R(Z"))} = Za P{ieS(RZ)}

n+1
< D@ {Pli € S(R(Z))} +drv (R(Z). R(Z))}

n+1
=E Z w; | + Z w; - dry (R(Z), R(Z"))
i€S(R(Z)) i=1
n+1
<a+ Z 17}1 ' dTV (R(Z)v R(Zl)) ) (616)

i=1
where the last inequality follows from (6.15)). By combining (6.11)) and ([6.16]), we obtain the bound in (6.12]). O

Theorem 6.2 (Upper bounds on coverage). Let V' be an arbitrary score function. Define the random index and
the conformity scores as in (6.3)-(6.4). Suppose the scores REX““’Y"“)’KJ =1,--- ,n+1 are almost surely
distinct. Then the non-exchangeable full conformal set 6}1” given by (6.5)) satisfies

P (Yn+1 c ég(xn+1)) <l—a+Bup+ > @ - drv(R(Z), R(Z)). (6.12)
=1

This result also holds for split conformal sets (6.1) and (6.2)) with random index K dropped.

Proof. For brevity, we denote RX = REX"“’Y"“)’K7 t=1,---,n+ 1. The definition of the non-exchangeable
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conformal set (6.5)) implies

n+1
Yoi1 € 6;5()(”) & Rﬁ_l < Quantile (1 — Z 1@6@@)

(Replacing 6o by 6R£<+1)
i=1

n+1
& (R(ZK))K < Quantile <1 — Z@UK(i)(S(R(zK))i> ,

i=1

(6.13)

where we denote by ok the permutation on [n + 1] after swapping n + 1 and K. Since K is independent of Z,

P (YnH € 6;;0()(”))

n+1 n+1
= Z wy, - P ((R(Zk))k < Quantile (1 — Z aak(i)é(R(Zk))i>>
k=1 =1
n+1 n+1
<> - {p <(R(Z))k < Quantile (1 —a ) @Uk(i)a(R(z))i>> + drv (R(Z), R(Zk))}
k=1 i=1
n+1 n+1 n+1
<E [Z @y, - 1 {(R(Z))k < Quantile (1 —ay ibok(i)a(R(z))) } + )y - dov (R(Z), R(ZY)) .
k=1 i=1 k=1

(a)

The it remains to bound term (a). For any r = (71, -+ ,7,41) € R*"1 define the normal point set:

n+1
N(r) = {k € [n+1]: rp < Quantile (1 -« Z ﬁak(i)&.i> } . (6.14)

=1

Recall the form in (a), it suffices to show that for any r € R"*! such that rq,--- , 7, are distinct,

Y Wk <1l—a+ @ (6.15)
keN(r)

Let k* = argmax; ¢ n/(y)7x, Which indices the greatest rj, over k € N(r). Define K* := {k € [n + 1] : 1, < 1},
and K** :={k € [n + 1] : 1), < rg=}. Since N (r) C K*, we have

Z wy, < Z Wy, = Wi + Z Wy, = Wi~ + Z (Wg — Wo. (1)) + Z W (k) - (6.16)
keN (r) ke ke ke kek**

(b) (e)

To bound term (b), note that

n+1

(b) = > (@ = T (k) L i<
k=1

n
> W)L, <rpey + @1t — G ) D, yy <rpey + (@ke = B 1) Trpgey < Ong1 — pe
k=1,k#k*

(6.17)
For the term (c), we have k* € A/(r), hence

n+1 n+1
re- < Quantile (1 —a; Yy mgk*(k)a,,k> = (©) =Y Wo, k) Lirpre) <1—a. (6.18)
k=1 k=1

Combining (6.16)), (6.17) and (6.18) yields (6.15]), which concludes the proof. O
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By Theorem [6.1] and Theorem [6.2] the coverage of non-exchangeable conformal sets falls in an interval, akin
to what we derived in exchangeable cases:

P (YnH € C“Jf(Xn)) € ll —a—Y @;-drv(R(Z), R(Z"), 1 —a+ @1+ »_ ;- dov(R(Z), R(Zi))> :
=1

=1
6.3 Remarks

Choosing the weights. Theoretical findings presented earlier validate the intuition that assigning higher
weights, denoted as w;, to data points (X;,Y;) believed to be drawn from a distribution similar to (X, 41, Yi+1)
is beneficial, while lower weights should be allocated to less reliable points. However, optimal weight selection
involves a tradeoff. If many weights w; are set to be quite low, it shrinks the effective sample size of the method.
For instance, in split conformal prediction, this reduction in effective sample size affects the estimation of the
empirical quantile of the residual distribution, often resulting in broader prediction intervals. Striking the right
balance is crucial, as excessively low weights may lead to overly wide prediction intervals. At the extreme
end, setting all weights to zero (w3 = -+ = w, = 0) eliminates the coverage gap but yields an uninformative
prediction interval, denoted as 6;»5 (X,+1) =R. The optimal choice of weights, and how to quantify optimality,
pose intriguing and important questions for future exploration.

Coverage gap bounds. We define the coverage gap as the loss in coverage compared to what is achieved
under exchangeability. At a desired error level of 1 — o, we have:

Coverage gap:=1—a —P (Yn+1 € 6’;”()(7l+1)) ,

By Theorem we can bound the coverage gap as
Coverage gap < Z{Ei ~drv (R(Z),R(Zi)) < Z{Ei ~drv (Z, Zi) . (6.19)
i=1 1=1
where the second inequality follows from the data processing inequality.

Exchangeable setting. When Z; = (X;,Y;),i = 1,--- ,n 4 1 are exchangeable, we are back to the classical
setting for conformal prediction. Since we have R(Z) 4 R(Z%) by exchangeability, the slack in vanishes

and the coverage collapses to an exact 1 — « lower bound.

Independent setting. When Z; = (X;,Y;),i =1,--- ,n+ 1 are independent (but not necessarily identically
distributed), the bound for coverage gap in (6.19)) can be slacked to

n n
Coverage gap < Z@i ~drv (Z, Zi) < ZZ@ ~drv(Ziy Zng)- (6.20)
i=1 i=1
To prove this result, we need to introduce the theory of coupling.

Definition 6.3 (Coupling). Let P and @ be two probability measures on the same measurable space (R, B).
A coupling of P and Q is a probability measure y on the product space (R?, B?) such that the marginals of p
coincide with P and @: pu(A x R) = P(A), p(R x A) = Q(A). In other words, if random variables X ~ P and
Y ~ @, then (X', Y”) is a coupling of X and Y if X’ dXxandy L.

Lemma 6.4 (Maximal coupling). For any coupling pn of P and @, we have

pn({(z,y) :x=y}) <1—drv(PQ). (6.21)

Moreover, there exists a mazimal coupling p* such that (6.21) becomes an equality after replacing p by p*.
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Proof. Using Hahn decomposition theorem, we know that there exists a partition (E, E€) of R such that for
any Borel set A C E, P(A) < Q(A), and for any Borel set B C E°, P(B) > Q(B). Then any coupling p of P
and ) must satisfy

p{(z,y) :xz =y,z € E}) + p({(z,y) : # = y,x € E°})
p({(z,y) -z € BE}) + p({(z,y) : y € E})
PE)+1—-Q(F)=1—-drv(P,Q).

p{(z,y) sz =y})

IN

For brevity, we denote v = 1 — dpy (P, Q). Then we define probability measures F, G, H on (R, B) as follows:
for all A € B,

F(A) = P(AQE)-‘FQ(AQEC)’ G(A) = P(ANE®) —Q(ANE®)

v 1—~ ’

QANE)—PANE)

H(4) = =

For any S € B2, we define the marginals S* = {(2/,y) € S: 2/ =z}, and S, = {(2/,y') € S: y/ = y}. Then we

define the maximal coupling p* as

p*(S) =vF({(z,y) € S:z=y}) + (1 —)(G x H)(S),

where (G x H)(S) = [ H(S*)dG(z) = [ G(S y) by Fubini’s theorem. Then for all A € B,

and

p{(@y) z=y}) =7F[R) =1 —dov(P,Q).
Hence p* is a valid maximal coupling of P and @, and we complete the proof. O
Lemma 6.5. Let Z; = (X;,Y;),i=1,--- ,n+ 1 be independent random variables. Then for any i € [n],

dvy (Z,2Z") = 2dvy (Zi, Zngr) — diy (Zi, Znia) -

Proof. By Lemma E there ex1sts a distribution p* on a pair of random variable (U;,U,+1) such that,
margmally, Uz = Zl and U”_;,_l = Z”_;,_l, and such that ]P)(UZ = Un+1) =1- dTV( Zn+1). Let (Vi,VnH)
be an independent copy of (U;, U,+1). Denote

U = (Zl7"' 7Zi717UiJZi+la" : 7Zn7V’rL+1)7V = (Zl7"' 7Zi713‘/i7Z’L‘+17"' 7Z7’L7U’r7,+1)'

Then U2V 27 Again applying Lemma M we have

drv(Z,Z") = dry (U, V') <1-P (U = V')
=1-P(U; =Unt1,Vi = Vay1)
1= B(U; = Unp1) P (Vi = Vi)
= 1= (1= drv (Zi, Zn1))’ = 2dvv (Zi, Znsr) = diy (Zis D)

which concludes the proof. O

By applying Lemma to (6.19), we immediately obtain (6.20]).
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7 Adaptive conformal inference

Adaptive conformal inference (ACT), proposed by |Gibbs and Candes| (2021)), is a common-used algorithm in

conformal-like sequential prediction.

Setting. Let {(X: Y:),t € No} C {2 = X x YV} be a stochastic process indexed by time. For each step t we
have an algorithm that produces a prediction set Ctﬁ C Y for Y; based on tha past data {(X,Ys),s < t}, at
any nominal error level 5 € R. We assume that our prediction sets saturate at any level below 0 or above 1,
namely, for any ¢ € N,

CY =0, 8<0, and C/=Y, B>1. (7.1)

ACT update. During the prediction process, ACI adjusts the working level 1 — «; of the prediction sets over
time ¢ € N in order to maintain a realized coverage as close to 1 — « as possible, where « € (0,1) is some

prespecified error tolerance. Let > 0 be a step size and e; = 1 —ary the error indicator. Set ag = «, the

(vgc,
update formula is

ar =01 — (e —a), t=1,2,---. (7.2)

This formula has an intuitive interpretation. If we cover, then we shrink the prediction sets by increasing the
working error level by na. If we miscover, then we inflate the prediction sets by decreasing the working error
level by n(1 — «). In fact, such a self-correcting property makes the working error levels {a;} produced by (7.2))

uniformly bounded.
Lemma 7.1 (Boundedness of ACI iterates). The iterates from ACI ([7.2)) is uniformly bounded by [—n, 1+ n].

Proof. Argue by contradiction. Suppose It > 1 such that ay < —n. If ;7 = 1, then Y,,_; ¢ C’f_l, and
ap—1 = ap+n(l—a) < —na < 0. Recall the saturation property , we have Cﬁl = ), a contradiction! Hence
er—1 =0, and ap—1 = oy — na < ay. Following this, we have 0 > —n > a; > 41 > 42 > - > ag=a > 0,
again a contradiction! Therefore inf;cy oy > —n, and similarly we can prove sup;cy o < 1+ 17, which concludes
the proof. O

Theorem 7.2 (Asymptotic coverage of ACI). For anytg > 0 and T > 1, the errors from the ACI iterates ([7.2))
satisfy

to+T

1 14 2n
T Z e —al < Ty (7.3)
t=to+1
Proof. By (7.2), we have
1 Qg4 T+1 — Oty+1
T2 (o) = St (7.4)
t=to+1
By Lemma [7.1] cy41, agg7+1 € [-1, 1+ 1], which immediately yields the result in (7.3). O
We can rewrite Theorem [Z.2] to a limit form:
1 to+T
Th_I)I;OT Z er = a. (7.5)

t=to

Then it can be seen that over all time, the prediction bands adjusted by ACI has an exact coverage of 1 — a.

This is a distribution-free result, since we do not pose any assumption on our sequence {(X¢,Y;)}.
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ACI as online gradient descent. The update formula (|7.2) is an instance of online gradient descent applied
to a proper convex function. To see this, we define

By = sup {ﬁ 1Y, € 02‘5} (7.6)
and
fila) = ¢p1-a(1 = Bt — (1 —a)) = p1-ala — Br),
(1—a)lz|, z >0,

where ¢1_,, is the tilted ¢1-loss at quantile level 1 — a: ¢1_4(x) =
alz|, z <O0.

We can straightforwardly calculate the subgradient of f;:

{1 - OZ}, a > /Bty
dfi(a) = [~a,1—a], a =B, (7.7)
{—a}, a< B

Furthermore, (7.6) implies @ > 8; < Y; ¢ C/™* < e = 1. Then by (7.7)), we have e; — o € 9fi(ay).
Therefore, ([7.2)) is the online gradient descent with step size 1 for minimizing the convex function Zthl fi(a),
with arbitrarily large horizon T'.
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