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1 Preliminaries

1.1 Topology of the Complex Plane
Before we proceed, we introduce some useful terminology in topology.

Definition 1.1. We use C to denote the complex plane {z + iy : z,y € R}.
(i) Let zp € C, and r > 0. We use B(zq,r) to denote the open disc of radius r centered at z:

B(zp,r) ={z€R: |z — 2| < d}.

Any set U C C that contains an open disc centered at zq is called a neighborhood of zg.

(ii) A subset U C C is said to be open, if for all z € U, there exists 6 > 0 such that D(z,d) C U. A subset
D c C is said to be closed if its complement D¢ = C\D is open. Particularly, the complex plane C and
the empty set () are both open and closed.

(iii) A point z € C is said to be a limit point (or an accumulation point) of a set E C C, if
B(z,0)NE\{z} #0

for all § > 0. In other words, z is a limit point of F if each neighborhood of z contains a point of F that
is not z. Note that z is not required to be a point of E.

(iv) A point z € C is said to be an interior point of a set E C C, if there exists ¢ > 0 such that B(z,) C E.
In other words, z is an interior point of F if F is a neighborhood of z.

(v) The closure of a set E C C is the set of all limit point of E, denoted by E:

E={z€E:Y5>0, B(2,0)NE\{z} #0}.
The interior of a set E C C is the set of all interior point of E, denoted by E:
E={2:€E:30>0, B(z,6) C E}.

(vi) The boundary of a set E C C is 0F = E N E-.

(vil) A set K C C is said to be compact, if every open cover of K has a finite subcover. In other words, for
any collection of open sets {Uy }aes with K C | U,, there exist finitely many indices ay, - ,a, € J
such that K C Jj_; Ua,.

(viii) A set C' C C is said to be connected, if there do not exist two disjoint nonempty open sets A and B such
that C' € AU B, and neither A nor B contains C.

(ix) Given z1, 29 € C, we use [z1, 23] to denote the line segments on C with endpoints z; and zo. A polygonal

acJ

line is a finite union of line segments of the form [zg, z1] U [21,22] U -+~ U [2,—1, 2n].
(x) If any two points of a set E C C can be connected by a polygonal line contained in E, then E is said to
be polygonally connected.

Since the complex plane C is homeomorphic to the Euclidean space R?, some standard results of the
topology of Euclidean spaces follows.

Proposition 1.2. Let E be a subset of C.
(i) E is closed if and only if E contains all its limit point.
(ii) The closure E is closed, and it is the minimal closed set that contains E. In other word, for any closed
set D D E, we have D D E.

(i4i) The interior E is open, and it is the mazimal open set that is contained E. In other word, for any open
set U C E, we have U C E.



(iv) E is compact if and only if it is closed and bounded in C.
(v) If E is polygonally connected, then it is connected.
(vi) If E is a connected open set, then E is polygonally connected.

Proof. Here we only provide a proof of (vi), since it is related to our later discussion. Take zy € E. Let A be
the set of all points of F that can be polygonally connected to zp in E, and let B be the set of all points of F
that cannot be polygonally connected to zg in E.

We claim that A is an open set. For every z € A, we can choose an open disc centered at z and contained
in E. Since z is polygonally connected to zy, so is every point in the open disc by joining a line segment
connecting the point and the center z. Similarly, B is also an open set.

Finally, we point out that, since A contains zg, and the connected set E is a disjoint union of open sets A
and B, the set B must be empty. Therefore, every point in E is polygonally connected to zg, and every two
point in F is polygonally connected by joining two polygonal lines intersecting at zg. O

Remark. According to this proof, we can even make our statement stronger. For any two points in a
connected open domain F, they can be connected by a polygonal line, of which any two successive vertices
represent the endpoints of a horizontal or vertical segment.

To end this section, we see a useful application of polygonal connectedness. A complex-valued function
f: C — C can be split into real and imaginary parts:

f(2) = [z +iy) = u(z,y) + iv(z,y),
where u, v are both real-valued functions on R2.

Proposition 1.3. If the function u(x,y) has partial derivatives u, and u, that vanish at every point of a

connected open domain U, then u is a constant in U.

Proof. Let (x,y),(Z,y) € U, so they can be connected by a polygonal path that is contained in U. Any two
successive vertices of the path represent the endpoints of a horizontal or vertical segment. Hence, by the
Lagrange mean-value theorem for one real variable, the change in u between these vertices is given by the
value of a partial derivative of u somewhere between the endpoints times the difference in the non-identical
coordinates of the endpoints. Since, however, v, and u, vanish identically in U, the change in u is 0 between
each pair of successive vertices. Therefore u(z,y) = u(Z,y). O

In complex analysis, we are often interested in the sets that have no disjoint parts and no holes that go
completely through it. These sets are called simply connected sets. A formal definition is given below.

Definition 1.4 (Simply connected domains). Let U C C be a connected open set. If for each point zg € U€
and each € > 0, there exists a continuous mapping v : [0,00) — C such that (i) d(y(t),U¢) < € for all t > 0,
(ii) v(0) = 20, and (iii) lim;_ o |7(¢)| = 0o, then F is said to be simply connected.

Remark. Let R be a rectangle in C. If U is a simply connected open set, and OR C U, then R C U. To
verify this, assume zo € R is not in U. Then any path « from 2y to oo intersects OR at some ~y(t) € OR. Since
~(t) € U, there exists B(y(t),0) C U, and dv(t)z,U®) > 4. This contradicts (i)!



1.2 Differentiability and Holomorphy

Similar to the derivative for real-valued functions, we can define the derivative for complex-valued functions
f: C — C, which is given by the limit

) — i TEEN =G

h—0 h (L.1)

Note that in this definition, the quantity A is complex. If the limit (1.1) exists at some point z € C, we say
that f is (complex) differentiable at z, and the limit is called the derivative of f at z.

Theorem 1.5 (Cauchy-Riemann equation). Let f : C — C, and let f(zx +iy) = u(z,y)+iv(z,y), where u and
v are real and imaginary parts of f, respectively. If f is differentiable at z € C, then the partial derivatives
Ug, Uy, Vg, Uy exists at z, and they satisfy the Cauchy-Riemann equation:

Uy — vy = 0,

(1.2)
Uz + Uy = 0.
Proof. Fix any z = x + iy € C. Since f is differentiable at z, the limit
L SR~ £(2)
h—0 h
exists. We consider the limit along the real and imaginary directions:
i LGP —FG) o st hy) —u@y) HilEthy) —o@y)
R3h—0 h R3h—0 h
i LEH ZIE)  uey ) uey) Sy o) o)
R3h—0 ih R3h—0 ih
The two limits should be equal, and the result follows. O

Remark. The Cauchy-Riemann equation is not a sufficient condition for differentiability. Here consider

oy +iy)
f2)=flay) = 2 +y* 270,
0, z=0.

Since f = 0 on coordinate axes, we have u,(0,0) + iv;(0,0) = v,(0,0) — iu,(0,0) = 0, which is the Cauchy-
Riemann equation at z = 0. However, on the line y = az, we have

. flx +iax) — f(0) «
lim - = )
R3z—0 T +iax 1+ a2

which depends on «. Hence the limit at z = 0 does not exist. In the next theorem, we provide a practical
sufficient condition for differentiability.

Theorem 1.6. Let f : C — C, and let f(x + iy) = u(z,y) + iv(x,y), where u and v are real and imaginary
parts of f, respectively. If the partial derivatives g, Uy, vy, vy exist in a neighborhood of z and are continuous
at z, and they satisfy the Cauchy-Riemann equation .

Proof. Let z=x+ iy € Cand h =& +in € C. We want to show that

Lo TG4 R) = )
h

= Uy + 1V,
h—0



We decompose the difference of f as follows:
flz+h) = f(z) =uw@+&y+n) —ulzy) +ive+ &y +n) —iv(z,y)

By mean-value theorem, there exist 01, 62, 605,04 € (0, 1) such that

u(x +&y+n) —ulr,y) =ul@+Ey+n) —ul@+Ey) +ul@+Ey) —ulz,y)
= nuy(x + &y + 011) + §ua(z + 028, y),

v(e+&y+n) —v(x,y) =v@+Ey+n) -+ y) +ol@+Ey) — vz, y)
= vy (x + &,y + 03n) + Eva(z + 048, y).

By continuity of partial derivatives,

h) —
flz+ f)b flz) _ fjin [uy (z + &,y + 017) + iv, (@ + £,y + 031)] + ffm [ug (x4 026, y) + vy (x + 048, 7)]

[uy(w,y) + ivy(x7 y) + 61] + [uI(x7 y) + ivw(m’y) + 62] )

. n
 E4in E4n

where €¢; and ey are quantities converging to 0 as h — 0. By Cauchy-Riemann equation at z = = + 1y,

f(z+h) - f() i

[0 (2,9) + a2, 9) — ir] + o [tia (& 3) + 00 ) + €3]

h - E+in E+in
. ner + Eeo
= Ug\T, + vz (2, + =,
(z,9) (2,9) e in

Since

ney + Eea

e — < le =+ |€e —>O

tran | S le1] + ez

as h — 0, the result follows. O

To end this section, we introduce some useful definitions.

Definition 1.7. Let zg € C be a point, and let U C C be an open set. Let f : C — C be a complex function.
(i) If f is differentiable in a neighborhood of a point zy, then f is said to be holomorphic at zo;
(ii) If f is everywhere differentiable in U, then f is said to be holomorphic in U;

(iii) If f is holomorphic in C, then f is said to be entire.

Proposition 1.8. Let f: U — C be a holomorphic function in an open connected region U .
(i) Let f =u+iv. If u is a constant in D, so is f.
(i) If | f| is a constant in D, so is f.

Proof. (i) This result follows from Cauchy-Riemann equation and the polygonal connectedness of U.
(ii) Let f = u + iv. It suffices to consider the case |f| = Vu? + v2 = ¢ > 0. By taking derivatives on both
sides of u? + v? = ¢ in U, we obtain

Uy +vvy =0,  uuy +vvy = 0.
By applying the Cauchy-Riemann equation twice, we have
0 = u(uty + vvy) = uuy + v, = uu, — VUL, = wlu, + v2vy = (u® 4 v*)u,.

Hence u, =0 in U. Similarly, we can show u, =0 in U. Then the result follows from (i). O



1.3 Complex Power Series and Analyticity

Analytic Polynomial. A polynomial P(z,y) is said to be an analytic polynomial, if there exists complex

numbers cg, ¢y, , ¢, € C such that
P(z,y) = co+ er(z +iy) + cax +iy)* + - + ca(x +iy)".
We then say that P is a polynomial in the complex variable z € C, and write
P(z)=cy+c1z+ o2+ - cp2™.

It is direct to verify that a polynomial P(z,y) = u(z,y) + iv(z,y) is analytic if and only if it satisfies the
Cauchy-Riemann equation ([1.2)).

A power series of z is given by an “infinite polynomial”.

Definition 1.9 (Complex power series). A power series in z is an infinite series of the form

flz) = Z cn2”,
n=0

where cg,c1,--- € C.
Naturally, we are interested in the domain where a power series converges.

Theorem 1.10. Suppose limsup,, . |c.|'/" = L.
(i) If L =0, the power series Zf;o cn2™ converges for all z € C. In this case, R = oo is called the radius
of convergence of the power series.
(ii) If L = oo, the power series Z?:o cn 2™ converges if and only if z = 0. In this case, R = 0 is called the
radius of convergence of the power series.
(i) If 0 < L < oo, set R = % Then the power series . cpz® converges for all |z| < R, and diverges for
all |z| > R. In this case, R is called the radius of convergence of the power series.
(iv) When the radius of convergence R > 0, the power series ZZOZO cn 2" converges uniformly on the closed
disc B(0,r) for each 0 < r < R.

Proof. (i) When L = 0, we have limsup,, . |c,|'/"|2| = 0 for all z € C. Hence for each z € C, there exists
some N such that |c,2™| < 27" for all n > N. Therefore the series converges by Cauchy’s criterion.

(ii) When L = oo and z # 0, we have |c,|'/™ > 1/|z| for infinitely many n € N. Then the terms of the
series do not approach 0 as n — oo, and the series diverges.

(iii) Assume 0 < L < oo, and R =1/L. If |z| < R, we set |z| = R(1 — 2¢) for some € > 0. Then

limsup ¢, |Y"|z] <1 —¢,
n—oo
and we have |c,2"| < (1 — €)™, n > N beginning from some N. On the other hand, when |z| > R, we have
limsup,,_, , |cn|'/™|2| > 1, and there exists infinitely many terms greater than 1 in the series.

(iv) The case R = oo is clear if we can prove the case R < co. When R < oo, for all |z| < r < R, we have

=1—e

R—r
li 1/n < r <1
ln—>soop|cn‘ |Z| R 2

Hence we have |¢,2"| < (1 — €)™, n > N beginning from some N. For k > N, the remainder Y )7, | ¢,2" is

uniformly controlled by (1 — €)*/e on B(0,r). Hence the convergence is uniform. O



We can write the derivative of a power series into termwise differentiation.

Theorem 1.11. Let f(z) = > .7 c,2™ be a power series with the radius R > 0 of convergence. Then f is
holomorphic in B(0, R), and

fl(z) = chnznfl, |z] < R.
n=1

Furthermore, the above series has the same radius of convergence as f.
The following corollary is easily obtained by applying Theorem [L.11] recursively.

Corollary 1.12. Let f(z) = ZZOZO 2™ be a power series with the radius R > 0 of convergence. Then f is
infinitely differentiable in B(0, R), and

()

n!

,  Vn € Np.

Cn

We now introduce the definition of analytic functions in the complex plane.

Definition 1.13 (Analyticity). Let f: U — C be a complex function on an open set U, and let zg € U. The

function f is said to be analytic at point zy, if there exists complex coefficients cg, c1, - -+ € C such that
o0
f2) =) enlz—20)"
n=0

in a neighborhood of zy. In other words, f is analytic at zg if it equals a power series near zj.

Remark. By definition, if f is analytic at zg, it is also holomorphic at zp. In later discussion, we will show
that the two properties are equivalent.

Theorem 1.14 (Uniqueness theorem for power series). We have the following result:
(1) If a power series equals zero at all the points of a nonzero sequence (zi)3, that converges to zero, the
power series is identically zero.
(ii) If two power series y - anz" and Y~ b,2" converge and agree on a set of points with an accumulation
point at the origin, then a, = b, for all n.

Proof. (i) Let f(z) = Yo7, ¢n2™. By the continuity of f at the origin,
co = f(0) = ll_% f(z) = kl;rglo f(zk) =0.

Then g(z) = f(zz) = ¢, +cpz + c32% + -+ - is also continuous at the origin, and

oy — i J2) e f(zR)
e =9(0) =g == = lim == =0.
By induction, for all n € N|
¢p, = lim 7f(z) = lim 7f(zk) =0
20 " k—oo 2y

ii) We can reduce the set to a sequence of points since we can always choose a point z,, from each neighborhood
B(0,n7!) of the origin. Then consider the series Y (b, — ay,)2z™ and apply (i). O



2 Cauchy’s Integral Theorem and its Consequences

2.1 Complex Line Integral
In this section, we deal with the integral on the complex plane C.

Definition 2.1 (Smooth curves). Let « = 2(t) and y = y(t) be continuous real-valued functions on [a, b]. If
we use these equations as the real and imaginary parts in z = = + iy, we can parameterize the points z on a
curve C' by means of a complex-valued function of a real-variable ¢:

C={z(t) =x(t) +iy(t), a <t <b}.

(i) The curve C parameterized by z(t) is said to be differentiable, if both x and y are continuously differen-
tiable on [a,b]. We define the derivative of z(t) by

() =2'(t)+iy'(t), a<t<b.

Furthermore, if 2'(t) # 0 for all a < ¢t < b, then C is said to be smooth.

(ii) The a curve C is said to be piecewise smooth, if C' can be obtained by joining finitely many smooth
curves. Formally, if C is piecewise smooth, we can find a partition a = tg < t; < -+ < t,, = b such
that z(t) is continuous on [a, b], is continuously differentiable on each sub-interval [t;_1,t;], and 2/(t) # 0
except at finitely many points.

(iii) The curve C is said to be simple if z injective, i.e. s # ¢ implies z(s) # z(t).

(iv) The curve C is said to be closed if z(a) = z(b).

(v) A simple closed curve C is said to be a contour (or a Jordan curve). By Jordan curve theorem, a contour
always divide the complex plane C into two connected open components. One of these components is
bounded and simply connected, called the interior of C', and the other component is unbounded, called
the exterior of C. Furthermore, the contour C' is the boundary of each component.

Definition 2.2 (Complex integral). Let f(t) = u(t) + iv(t) be a continuous complex valued function of the
real variable a <t < b, where u and v are both real-valued. Define

LU@&:LZ@&HL%@@

Let C be a smooth curve given by z(t), a <t < b, and suppose f : C — C is continuous at all the points z(t).
Then, the integral of f along C' (or round C, if C' is a contour) is

Lﬂwwzlvmmym#

Remark. By this definition, the linearity of complex line integral follows from the real case. Furthermore,
the value of the integral is independent of the particular parameterization. To see this, we consider two

particular smooth curves
Cy:z(t), a<t<b and Cy:w(t), c<t<d.

We assume that there exists a bijective Cl-mapping X : [a,b] — [c,d] such that ¢ = A(a), d = A(b), N'(t) >0
for all ¢ € [a,b], and z(t) = w(A(f)). Then C; and Cy are smoothly equivalent in the complex plane C, and

= ' 2(t)2 = ' w W’ ! =2 ! w(s)w'(s)ds = 2)dz
RS / F(2(8)#(t) dt = / FOE)) (MBI (8 di *2 / Sl ()ds = [ fe)de



Change the direction. The line integral depends not only on the set of points of the curve, but also the
direction of the curve. Given a curve C parameterized by z(t), a <t < b, the curve —C along the opposite
direction is given by z(b+a —t), a <t <b. Then

b b
/_Cf(z)dz:/a fzb+a—1t)) (-2 (b—i—a—t))dt:—/a f(z(s)z (s)ds:—/cf(z)dz,

where we change the variable s = b+ a — t in the second identity.

Estimation. Now we aim to derive a bound for the complex line integral. Before we proceed, we point out
that a smooth curve C' = {2(t) : a <t < b} is rectifiable, and its length is given by

b n
L= [ 1= [ o= sw > k) =)

a:to<t1<~~-<tn:b] 1

We will use this definition to estimate a complex integral.

Lemma 2.3. Let F : [a,b] — C be a complex function that is continuous at each point of C. Then

l%magfw@w

Proof. Assume that f: F(z)dz = re', where r = ‘f: F(2) dz‘ and 6 € [0,27). Then

r= /bewF(t) dt = /b Re (e ™F(t))dt < /b le P (t)| dt = /b|F(t)dt‘

Thus we complete the proof. O

Theorem 2.4 (M-L formula). Let C = {z(t) : a <t < b} be a piecewise smooth curve of length L. Let f be a
complex function that is continuous at each point of C, and |f| < M on C. Then

< ML.

z)dz

Proof. According to the previous lemma, we have

) dt /u |V)W<M/b ) dt = ML.

Thus we complete the proof. O

Fundamental theorem of complex line integrals. For complex functions, the Newton-Leibniz formula
also holds. This formula is really helpful. It removes the dependence of the integral value on the integral path,
so the integral value only relies on the initial and terminal points.

Theorem 2.5 (Fundamental theorem of complex line integrals). Let C = {z(t) : a < t < b} be a piecewise
smooth curve. Let F' be a complex function defined in an open set containing C'. Suppose that F' is holomorphic
at each point of C, and the derivative f(z) = F'(2) is continuous at each point of C. Then

éj@ﬁh=F@wD—F@w»



Proof. Let G(t) = F(2(t)), a <t <b. By the chain rule, the derivative of G is

Lo G(t+h)-G(t) . F(z(t+h)) — F(z(t)) =z(t+h)—=z(t) ,
Gt = R;ligo h N R;ligo z(t+h) — 2(t) h = F=()(®).
Then
b b
/ J(2)dz :/ F/(=(0)2/(t) dt :/ G'(t) dt = G(b) — G(a) = F(=(b)) — F(=(a)),
C a a
where the third equality holds by apply Newton-Leibniz formula on both real and imaginary parts. O

Uniform Convergence. In the real case, one can interchange the integral and the function limit when
the function sequence to be integrated is uniformly convergent. This result also applies to the complex line
integral. A function sequence (f,) converges uniformly to f on a set U C C, if

lim sup |fn(2) — f(2)| = 0.

n—=x0 ,cU

We have the following theorem.

Theorem 2.6. Let U be an open domain, and let (f,) be a sequence of continuous functions which converges
uniformly on U. For any piecewise smooth curve C' = {z(t) :a <t <b} in U,

lim [ f.(z2) dz:/ lim f,(z)d=.
c

n—o0

Proof. Let f be the uniform limit of (f,,) on U, which is also continuous. By M-L formula [Theorem ,

/Cf(z)dz—/cfn(z)dz

Thus we complete the proof. O

< sup|f(2) — fu(2)] /C dz] 5 0,

zeU

2.2 Cauchy-Goursat Theorem

From now on, we assume that all the curves and contours we study are piecewise smooth. Unless otherwise
specified, we also assume that all contour integrals are taken in the counterclockwise direction, which is
consistent with the unit circle {ew :0< 6 <2n}.

We study the contour integral of holomorphic functions in this section. Before we proceed, we first study
a special case of the contour integral, where the contour is assumed to be the boundary of a rectangle.

Lemma 2.7. Let I' be the boundary of a rectangle R. Let f be an affine function defined in an open domain
U containing R, i.e. f is of the form f(z) = a+ Bz. Then

/Ff(z)dz =0.

Proof. Note that f is everywhere the derivative of an entire function F'(z) = az + % B22, and that I is a closed
curve. Assume I' = {2(¢) : a <t < b}, so z(a) = z(b). The result immediately follows from Theorem O

Lemma 2.8. Let I' be the boundary of a rectangle R. Let f be a holomorphic function defined in an open
domain U containing R. Then

/Ff(z)dz =0.

10



Proof. We write I = UF f(2) dz’.To show that I = 0, we use the method of continued bisection. That is,
we split the rectangle R into four congruent subrectangles by bisecting each of the sides. We denote by
I'y,T9,T'3, Ty the boundaries of the four rectangles. Since the integral on the interior lines cancels out when

integrating along opposite directions, we have

/Ff(z)dz:il/ri f(z)dz.

T, r,

Hence for at least one I';, 1 < i < 4, denoted by TV,

Let R be the rectangle bounded by I'™). We repeat this procedure by dividing R™ into four congruent

I
> —.
!

subrectangles. Then we obtain a nested sequence
RY 5 R2) 5 RG) ~ ...

with their boundaries I}, T T®) ... This sequence satisfies diam R("+1) = %diam R(™ and

/r(n) f(z)dz

Take 29 € (2, R which is nonempty by the nested interval theorem. Since f is holomorphic at zo,

f(2) = f(z0)

I
= (2.1)

>

zli_{rzlo P f'(20)-
By Lemma, we have
(2)dz = / <f(zo) + f'(20)(z — 20) + (M — f’(Zo)> (z — Zo)> dz
) ) z— 2z

B /1"<n> (f(Z)_f(ZO) - fl(20>> (z — 20) dz.

Z— 20
We assume that the largest side of the original boundary I' has length ¢. Then

4¢ 2¢
ldz| < —, and |z —z| < L, VzeT™,
D) AL AL

11



We fix € > 0, and choose N so that

|z — 2] < % = ‘f(zz:;(zo)_f/(z()) <e
Then for all n > N, by M-L formula [Theorem ,
/ f(z)dz| < 2L (2.2)
T 4n
Combining and , we have
I <4v20%.
Since € > 0 can be chosen arbitrarily small, we have I = 0. O

We use this lemma to show that any holomorphic function is the derivative of another one.

Theorem 2.9 (Integral theorem). Let U be a simply connected open domain. If f : U — C is a holomorphic
function in U, then f is everywhere the derivative of another holomorphic function in U. That is, there exists
a holomorphic function F : U — C such that F'(z) = f(z) for all z € U.

Proof. We may assume without loss of generality that 0 € U. Define F'(z) as

F(z) = fQd¢, zeU
I'(z)
where T'(z) is a polygonal line contained in U, starting from 0 and terminating at z, and every line segment
is either horizontal or vertical. In fact, the value of this integral is independent of the choice of the particular
path I'(z), because the difference of this integral along any two such paths can be represented as a contour
integral round the boundaries of finitely many rectangles contained in U (because U is simply connected).
Since f is holomorphic through these rectangles, by Lemma the boundary integral always cancels out.
Fix z € U. For sufficiently small |h| > 0, we have

z+h
F(z +h)— F(z) = / F(0)d¢

Where fzz+h is the line integral along the segments [z, z + Re h] U [z + Reh, z + h]. Note that the line integral
along line segments [z, z + Reh] U [z + Re h, z + h] is h, we have

F(z+h) — F(z) Lt
T e =1 [ 0 - rend (2.3

We then fix € > 0, and choose § > 0 such that |f({) — f(z)| < € for all | — z| < §. According to the M-L
formula [Theorem [2.4], whenever || < 6,

1 z+h 1
[ U@ - e d < o 2lble = 2e
2 I
Since € > 0 is arbitrarily chosen, converges to 0 when h — 0. Therefore f(z) = F'(z). O

This result immediately gives the Cauchy’s integral theorem for holomorphic functions.
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Theorem 2.10 (Cauchy-Goursat). Let f : U — C be a holomorphic function in a simply connected open
domain U. Let C' = {z(t) : a <t < b} be a piecewise smooth contour in U. Then

/Cf(z) dz = 0.

Proof. By integral theorem [Theorem , we can find a holomorphic function F': U — R whose derivative is
f everywhere in U. Then

[ 1@ = ) - Feta)
by Theorem Since C' is closed, z(a) = z(b), and the value of the integral is 0. O

Remark. According to our proof, to cancel out a contour integral, we only require that f is the derivative

of a holomorphic function inside a simply connected open domain containing the contour C.

Theorem 2.11 (Deformation principle). Let C7 and Cs be contours, with Cso lying wholly inside Cy, and

suppose that f is holomorphic in an open domain containing the closed domain between C1 and Cy. Then

f(z)dz = f(z)d=.
Cq C2

Proof. We join Cy and Cs by two segments [211, z21] and [222, 212], as is shown in the figure. Then we obtain
two contours on the upper domain D; and lower domain Dy, respectively, and the integrals of f round these
two contours are both 0. We add up these two integrals, of which the part on the segments is canceled out:

(2)dz + (2)dz = f(z)dz+
Cy

f(z)dz=0.
0D, ODy Ca

In the last display, changing the direction of —C5 and rearranging complete our proof. O
Remark. In the deformation principle, we require f to be holomorphic near the inner contour Cs, but we

allow f to be not holomorphic inside the inner contour.
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2.3 Cauchy’s Integral Formula

An important integral. To begin this section, we first compute an important contour integral

JACEER

where C' is a piecewise smooth contour going around a fixed point zy € C, and n € Z.
e Case I: n > 0. In this case, (z — 29)" is an analytic polynomial, which is entire. Then the value of the
integral is 0 by Cauchy-Goursat theorem [Theorem [2.10].

e (Case II: n = —1. We use the deformation principle to compute this integral. Since

is holomorphic
Z—Z0

on the whole complex plane C except at zp, we choose a circle dB(z, €) that is lying wholly inside C,
which is parameterized by {zo + ee? : 0 < 0 < 27}:

dz dz 2 ieet? 4 .
= = 0 = 27TZ.
c?T %0 dB(z0,e) ¥ — %0 0 €e

_ n41
%, which is holomorphic

on the whole on the whole complex plane C except at zg. Since C' is closed, the value of the integral is

o Case II: n < —2. In this case, (z — z0)"™ is the derivative of the function

0 by the fundamental theorem of complex line integral [Theorem [2.5].

We then summarize our result below:

07 _15
/(Z*ZO)HdZ: "7
C

omi, n=—1.

The Cauchy’s integral formula is motivated by this example.

Theorem 2.12 (Cauchy’s integral formula). Let f : U — C be a holomorphic function in a simply connected

open domain U. Let C' be any piecewise smooth contour in U that goes around some fixed point zqg € U. Then

f(z0) = L[ fE) dz. (2.4)

S 2mi Jo 2 — 2

Proof. Since % is holomorphic in U\{zp}, by the deformation principle [Theorem , we may change C
to any circle OB(zg, €) of radius € > 0 and centered at zy:

(Z)dz:/a Malz

c R — 20 B(z0,€) zZ— 20

_ / f(20) + f'(20) (2 — 20) + (f(2) = f(20) — f'(20) (2 — 20)) dz
9B (z0,€)

zZ— 20

- Jz0) / CESCIRy
- /‘93(20:5) Z =20 dz+/63(zo,e) / (ZO) d2+~/83(zo,e) Z— 29 f (ZO) dz.

=2mif(z0) =0 remainder

By M-L formula [Theorem , the remainder satisfies

(Z) dz — 27TZf(Z()) _ / <f(2) - f(Zo) o f/(zo)> dz < 21e sup f(Z) — f(ZO) _ f,(ZO)’ )
c? R0 OB(z0,¢€) Z— 20 |z2—2z0|<e Z—= 20
The remainder can be dominated by arbitrarily small quantity as € — 0. Then ([2.4)) follows. O

We have similar results for higher order derivatives.
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Theorem 2.13 (Generalized Cauchy’s integral formula). Let f : U — C be a holomorphic function in a simply
connected open domain U. Then f is infinitely differentiable in U, and

f(")(zo) = n—' /C L dz, (2.5)

27t Jo (2 — zp)" T
where C' is any piecewise smooth contour in U that goes around some fized point zo € U.

Proof. Since U is open, we can find an open disc B(zg,¢) C U. We fix C to be its boundary |z — 29| = €. Then
for all z with |z — 29| = € and w € B(zo, §), we have the expansion

o0

1 1 S (w=z0)" 26)

ZW (z—z) (1 — %) s (z — zo)"t!

This series converges uniformly on B(zo, %), since for all n € N,

= (w—2)" 1 €
Gomsr |1 e (e f).
n§+1 (2 — zo)"t1 = 2Ne e 3

Then we apply Theorem [2.6] to interchange the infinite sum and the integration:
f(z / f(2)(w = 20)"
= d
flw) = 27 = omi Z (z — zp)nt! *

cZ*
:7;J<W/C(Z—fz;"“dz> (w—20)", wEB(zo,g).

Therefore, f can be written into a power series in a neighborhood B(zo, 5). Furthermore, the coefficients are

in fact independent of our choice of C' by the deformation principle, since C' lies in U and goes around zj.
Hence f is infinitely differentiable in this neighborhood, and

1 = 3 (MR [ ) s we B ()

n=~k

Taking w = zp, we obtain (2.5)), which completes the proof. O

The proof above also establishes the analyticity of holomorphic functions. We can even modify our result

to make it a little stronger.

Corollary 2.14. Let f : U — C be a holomorphic function in a simply connected open domain U. Then f is
analytic in U. Furthermore, for each zo € U, f can be represented as the local Taylor series near zy:

(oo}

imm — 20" = L LZ w— 20" w o€
_7;) n! (W 0) _7;)(27Ti/(;(z_zo)n+ld)( 0), GB(O,)CU,

where B(zp,€) is the largest open disc centered at zy and contained in U.

Proof. Since w € B(zp,¢€), there exists § > 0 such that w € B(zp,(1 — 0)e). Then we fix C' to be the circle
|z — 20| = (1 — §)e. With this choice, the power series (2.6) still converges uniformly on B(zg, (1 — 0)e), and
the remainder totally follows from the previous proof. O

Remark. If f:C — C is entire, then f is globally equal to its Taylor series at any point zy € C.
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2.4 Liouville’s Theorem and the Fundamental Theorem of Algebra

Theorem 2.15 (Liouville’s Theorem). A bounded entire function is a constant.

Proof. Let f: C — C be a entire function bounded by some M > 0. For each z1, 20 € C, we take any circle
C ={z:|z| = R} with R > max{|z1], |22|}. By Cauchy’s integral formula,

o) o) = g [ L L [ IO o L[ SO,

2mi Jo 2 — 21 o2mi Jo 2z — 2y 2mi

By M-L formula [Theorem [2.4],

1 f(2)(z2 — z1) ‘ MR |zo — 21|
- == | LEARTA gl< 0, R— oo.
96 = el =5 || T | S G D >
Hence f(z1) = f(z2) for all 21,25 € C, and f is a constant on C. O

Theorem 2.16 (Extended Liouville’s Theorem). If f : C — C is an entire function, and if for some integer
k>0, f grows no faster than |z|, that is, there exist constants A, B > 0 such that

|f(2) < A+ Blz|*, VzeC,

then f is a polynomial of degree at most k.

Proof. The case k = 0 is the original Liouville theorem, and we use induction to prove the general case. We
define a new function g : C — C as follows:

FR-FO 4 < +(n) (g
g(z) = # = g(z)= E 7f '( )zkfl, z € C.
10, z2=0 1 v

Clearly, g is also an entire function. We pick any R > 0. Then g(z) is bounded in the compact disc |z| < R,
and its absolute value grows no faster than |z|*~! as z — co. Hence there exists C, D > 0 such that

l9(2)] < C+ DIz

According to the induction hypothesis, ¢ is polynomial of degree at most k& — 1. Therefore f is a polynomial
of degree at most k. O

We then use Liouville’s theorem to prove the fundamental theorem of algebra.
Lemma 2.17. FEvery non-constant polynomial with complex coefficients has a zero in C.

Proof. Let P(z) be a non-constant polynomial. If P(z) has no zero in C, then ﬁ is an entire function. Since

P(z) is non-constant, P(z) — oo as z — 00, and P(lz) is bounded in C. By Liouville’s theorem, % is a
constant, and so is P(z), which is a contradiction! O

Theorem 2.18 (Fundamental theorem of algebra). If P(z) is a polynomial of degree n > 1 with complex

coefficients, then there exist complex numbers A and z1,--- , z, such that
Pz)=A(z—2z1)(z—22) - (z—2z,), z€C.

Proof. The case n = 1 is clear, and the general case follows by induction. By the previous lemma, any

polynomial P(z) of degree n has a zero z, € C, and the function Q(z) = % grows no faster than |z|"~ 1.
By the extended Liouville’s theorem, Q(z) is a polynomial of degree k — 1, and the result follows. O
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Remark. According to the fundamental algebra, we can write a polynomial P(z) of degree n to the form
P(z) = A(z —21)™ (2 — 22)™ - (z — 2) ™,

where 21,29, , 2z € C are zeroes of P(z) and are mutually distinct, and mq,--- ,my are positive integers
such that my 4 --- 4+ my = n. The number m; is called the multiplicity of the zero z;. It is easy to see that
z; is a zero of multiplicity m; if and only if

P(zj) = P'(zj) = P"(z;) = -+ =P V(z;) =0, P")(z)#0. (2.7)

Factorization of polynomials with real coefficients. We let P(z) be a polynomial of degree n with real

coefficients. In this case, we have P(Z) = P(z) for all z € C. Consequently, if w € C is a zero of P(z), so is @.
Furthermore, the conjugate zeroes have the same multiplicity by the condition (2.7]). Therefore, there exists
an integer k < 7, non-real zeroes wi,ws, -+ ,wx € C and real zeroes c1,- -+, ¢,—2r € R such that

P(z) = A(z —wi)(z —w1)(z —wa) (2 = @) -+ (2 —wi) (2 = Wk) (2 — 1) (2 — e2) -+~ (2 = Cnzi),
Note that (2 — w;)(z — @j) is a quadratic polynomial with real coefficients:
(z —wj)(z —wj) = 2* —ajz + B, where a; =2Rew; and B; = |w;|>.

Therefore, we have the following factorization of P(z):

k n—2k
P = AT~z +8) [] = e,

which consists of only linear and quadratic polynomials with real coefficients.

We finally introduce a result concerning both the zeroes of a polynomial and of its derivative.

Theorem 2.19 (Gauss-Lucas theorem). The zeroes of the derivative of any polynomial lie within the convex
hull of the zeroes of the polynomial.

Proof. Let P(z) be a polynomial of degree n with zeroes z1,--- , 2, € C. Then
/
I;((j)) B 2—121 * z—122 o z—lzn’ Ve gz )

Assume w € C is a zero of P'(z). We may assume w € {z1,--- , 2, }, otherwise the result is clear. Then

OZ(P’(w)>: w—2 w — 2o L W

P(w) lw— 2112 Jw— 29|? |w — 2,2
Hence
wzzn:)\jzj, where \; = % >0, and A +---+ XA, =1
=1 Dk @ — 2] 72

Then we conclude the proof. O

Remark. By induction, for a polynomial P(z) of degree n, the zeroes of the derivative P(*)(z) of any order
k=1,2,---,n—1lie in the convex hull of the zeroes of P(z).
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2.5 The Converse of Cauchy’s Integral Theorem: Morera’s Theorem

The Cauchy’s theorem asserts that the integral of any holomorphic function in a simple connected open domain

round any contour inside the domain is zero. The following result, due to Morera, gives a converse statement.

Theorem 2.20 (Morera’s theorem). Let f : U — R be a continuous function on an open set U. If

/Cf(z)dzzo

for all contours C' in U, then f is holomorphic in U.

Proof. We fix zp € U, and choose an open disc B(zg,d) C U. We then define the primitive
P = [ 1)
20

where fzzo denote the integral along the path [z, z0 + Re(z — 20)] U [20 + Re(z — 2¢), 2]. Like in the proof of
Theorem we consider a difference quotient of F" and that fact that [ f(z)dz = 0 around any rectangle in
B(zg,9), we may conclude that

F(z4+h)— F(2) 1

z+h
=7 [ O 0. as b0

Hence F' is holomorphic in B(zp,d), and f = F’, which can be represented by a power series in B(zg,d), is
holomorphic at zg. Finally, since zg € U is arbitrary, f is holomorphic in U. O

Remark. We can make the condition slightly weaker by letting C' to be any rectangular boundary inside U
with sides parallel to the real and imaginary axes.

Compact convergence. In some cases, we may concern whether the limit of a sequence of holomorphic
functions is holomorphic. To answer this question, we need to introduce a new convergence mode. Let (f,)
be a sequence of functions defined on a topological space U. We say that (f,) converges compactly to f, if
fn — f uniformly on each compact subset K of U. That is,

lim sup |fn(2) — f(2)|=0, Y compact K C U.

n—oo zeK

Theorem 2.21. Let (f,) be a sequence of holomorphic functions in an open domain U such that f, — f

compactly. Then f is also holomorphic in U.

Proof. For each point zg, f is the uniform limit of the sequence (f,,) on a compact disc B(zg, d) about zo. Hence
f is continuous in U. Furthermore, for any rectangular boundary I' C U, since I' is compact, f,, converges
uniformly to f on I'. By Theorem [2.6

/ f(z)dz = / nan;O f(z)dz= nhHH;O f(z)dz=0.
r r r

Hence, by Morera’s theorem, f is holomorphic in U. O

Theorem 2.22. Suppose f is a continuous function in an open set U, and f is holomorphic there except

possibly at the points of a line segment L. Then f is holomorphic throughout U.

Proof. We may assume that the line segment L lies on the real axis. Otherwise, our proof applies to the

function g(z) = f(T~'z), where Tz = 220 is a linear transformation that maps any segment [20, 21] to the
compact interval [0,1] C R, and the holomorphy of f in U is equivalent to the holomorphy of g in TU.
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Since holomorphy is a local property, we may also assume that U is an open disc. We prove that fF f(z)dz =
0 for any rectangular boundary I' C U with sides parallel to the real and imaginary axes.
(i) When L does not coincide the rectangular bounded by T, we have [ f(z) dz by Cauchy-Goursat theorem.
(ii) When L coincides with the bottom (top) side of T', we slightly shift up (down) the bottom (top) side by
a small quantity € > 0 and get a boundary T'¢, which reduces to case (i). By boundedness and uniform
continuity of f on compact sets,

lim (/Eof(a—i—iy)dy+/abf(:c—kie)d:c—i-/oef(b—i-iy)dy) :0—&-/abf(w)dm+0=/abf(w)dx.

e—0

for all [a,b] C U. Then
/Ff(z) dz = lgr}) . f(z)dz=0.

(iii) When L is surrounded by T', split T" by the real line to I'y and I's. Then the integral of I'y and I'y reduces
to the case (ii), and

/ feyde= [ e+ [ fz)dz—o.
r Ty Ty

Finally, by Morera’s theorem, f is holomorphic in U. O

Theorem 2.23 (Schwarz Reflection Principle). Suppose f is holomorphic in a simply connected open domain
U that is contained in either the upper or lower half plane and whose boundary contains a segment [a, b] on the
real axis, and suppose f(z) € R for real z. Then we can define a holomorphic extension g of f to the domain

U U (a,b) UU* that is symmetric with respect to the real axis by setting

f(z), zeUU(a,b),
ﬁ, z e U™,

where U* ={z:z € U}.

Proof. If z € U*, we choose a small quantity h with z +h € U*, then

lim 91 —9(2) fE+=1E) _
h—0 h h—0 h h—0

[f(erh) —f<z>] _

Hence g is holomorphic both in U and U*. Since f(z) € R for all real z, the function f is continuous in the

domain U U (a,b) UU*. Then f is also holomorphic in this domain by employing Theorem [2.22] O
Im
U
a b Re
U*




3 Singularities of Analytic Functions and Calculus of Residues

3.1 Branch Cuts

Motivation. We consider the logarithm function and the root function in a complex plane. Given a complex

number re*?, the solutions of the equation e* = re?? are

z=1logr+i(0+2kw), wherek €Z,

and the solutions of the equation 2" = re?® (n =2,3,---) are

- 042km
z = Tl/nez n

where k=0,1,--- ,n — 1.
These functions are multi-valued in the complex case, which map a number z € C to a subset of C. The
difficulty comes from the fact that z — e* and z +— 2™ are no longer bijective. In the last two cases, each k
correspond to a branch of the multi-valued function.

A branch cut is a curve in the complex plane such that it is possible to define a single analytic branch of

a multi-valued function on the plane minus that curve.

Definition 3.1. Let U be a simply connected open domain. A function f : U — C is said to be an analytic
branch of log(z), if
(i) f is analytic in U, and

(ii) f is an inverse of the exponential function there, i.e. e/(*) = 2.

Remark. When z € C\{0}, the principal value of log z is chosen to be the logarithm whose imaginary part
lies in the interval (—m, 7], called the principle argument of z, written Arg(z):

Log(z) = log |z| + i Arg(z), =z € C\{0}.

We choose the branch cut to be (—o0,0]. On the simply connected open domain U = C\(—o0, 0], the principal
logarithm 2z — Log(z) is continuous, because both the modulus |z + h| — |z| and the principal argument
Arg(z+ h) — Arg(z) changes little within a small region |h| < € for fixed z € U. Then

eLog(z—i—h) _ eLog(z)

—1
lim Log(z + h) — Log(2) — ¢~ Log(z) _ l

— 1'
h—0 h (h% Log(z + h) — Log(z)) z

Therefore Log(z) is analytic in C\(—o0,0]. This is a useful analytical branch of log(z).

Theorem 3.2. Let U C C be a simply connected domain such that 0 ¢ U. We choose zo € U, fix a value of
log zg and define

f(z) =log 2z + 5 e

Then f is an analytic branch of log(z) in U.

Proof. Since 1/¢ is a holomorphic function of ¢ in the simply connected open domain U, by Theorem [2.9] it
is the derivative of some primitive holomorphic function in U, and the integral along any two paths from z
to z has the same value. Then f/(2) = z=! on U, and f is holomorphic, hence analytic.

Now we consider the function g(z) = ze=/(*). Since ¢'(z) = e /) — 2f'(2)e=f(*) = 0, the function g is a
constant in U, and ¢(z) = g(z0) = zoe~/(*0) = 1. Hence e/(*) = 2, completing the proof. O

Remark. The principal logarithm z — Log(z) corresponds to zp = 1,log1 = 0 and U = C\(—o0, 0].
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3.2 Isolated Singularities

In this section, we study the behavior of an analytic function in the neighborhood of an isolated singularity.
We call a set of the form U\{zo} a deleted neighborhood of zy, where U is a neighborhood of z.

Definition 3.3. A function f is said to have an isolated singularity at zo if f is holomorphic in a deleted
neighborhood U\{zo}, but is not holomorphic at z.

Remark. According to Theorem [2.:22] f must be discontinuous at an isolated singularity.

Definition 3.4 (Classification of isolated singularities). Assume that f has a singularity at z.
(i) If there exists a function g such that f(z) = g(z) for all z in some deleted neighborhood of zy, we say f
has a removable singularity at zg.

(ii) If there exists analytic functions A(z) and B(z) such that A(zp) # 0, B(zp) =0 and f(z) = 28 for all

z in some deleted neighborhood of zy, we say f has a pole at zg.
In addition, if B(z) has a zero of multiplicity k at zg, the pole at zg is said to be of order k. A pole of
order 1 (resp. 2, 3) is called a simple (resp. double, triple) pole.

(iii) If f has neither a removable singularity nor a pole at zg, we say f has an essential singularity at zo.
Now we discuss the properties of each class of singularity.

Theorem 3.5 (Riemann’s principle of removable singularities). If f has an isolated singularity at zo and if
lim, ., (2 — 20) f(2) = 0, then the singularity is removable.

Proof. Define the function h(z) = (z — 2¢) f(2) in an appropriate deleted neighborhood of 2y, which is also

analytic. If we add a continuous extension h(zy) = 0, by Theorem h is also analytic at zg. Then the
h(z)

zZ—2Z0

function g(z) = is analytic at zp and agrees with f in a deleted neighborhood of f. O
Remark. According to this theorem, if f is bounded in a deleted neighborhood of an isolated singularity,
then the singularity is removable.

Theorem 3.6. If f has an isolated singularity at zg and if there exists a positive integer k such that

lim (z — 20)"f(2) #0, but lim (2 — 20)*"1 f(2) =0

zZ—r 20 Z—r 20
then the singularity at zg is a pole of order k.

Proof. We set g(z) = (2 — 2z9)**1 f(2) in an appropriate deleted neighborhood of zg, and set g(zy) = 0. By

Theorem g is continuous and analytic at zo. Likewise, the function A(z) = % = (2 — 20)"f(2) is also

analytic at zp, and A(zp) # 0 by hypothesis. Then we conclude the proof by setting B(z) = (z — 29)* in the
previous Definition ii) of poles. O

Remark. Combining Theorems and we conclude that f(z) has a pole of order k at zg if and only if
(z — 20)* f(2) has a removable singularity at z.

Theorem 3.7 (Casorati-Weierstrass Theorem). If f has an essential singularity at zo and if D = U\{z0} is
a deleted neighborhood of zy, then the range R = {f(z) : z € D} is dense in the complex plane.

Proof. Argue by contradiction. If there exists some open disc B(w,d) not intersecting R, then |f(z) —w| > §,
and m < % throughout D. By Riemann’s principle of removable singularities, ﬁ has at worst a
removable singularity at zg, and ﬁ = g(z) on D for some g that is analytic at z5. Consequently, we have
fR)=w+ ﬁ near zg. Therefore, f has either a removable singularity (if g(z¢) # 0) or a pole (if g(z¢) = 0)

at zg, contradicting the fact that f has an essential singularity at zg! O
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3.3 Laurent Series

In the previous sections, we see that an analytic function in an open disc can be represented there by its Taylor
series. For analytic functions in an annulus {z € C : Ry < |z| < Rz}, we have a similar representation, which

is in the form of a two-sided power series, which is called the Laurent series.

Theorem 3.8. The series f(z) = - cn 2™ is convergent in the domain

n—=—oo

D={z€C:|z| < Ry and |z| > R},

where

n— oo n— oo

—1
Ry = <limsup|cn|1/"> , and Ry =limsup|c_,|*/".

If Ri < Ry, D={z€ C: Ry <|z| < Ry} is an annulus and f is analytic in D.

Proof. Define power series g(z) = Y .-  c_,2", and fo(z) = Y .~ ¢p,2". By Theorem m g is convergent
in the domain {z € C : |z| < 1/R;}, and f5 is convergent in the domain {z € C : |z| < Ry} are convergent.
Furthermore, by Theorem they are both analytic in their respective domains. Let f;(z) = ¢g(1/z), which
is convergent and analytic in the domain {z € C : |z| > Ry}. Hence f = fi + f2 is convergent in D, and is

analytic when D is nonempty. O
Theorem 3.9. If f is analytic in the annulus D = {z € C: Ry < |z| < Ra}, then f has an expansion of the
following form throughout D:

o0

)= > ez (3.1)

n=—oo
Furthermore, in this form, the coefficients c,, are uniquely given by

1
1[I,
27t Jo zntl

n € 7,

where C is any circle in D centered at 0. This expansion is called the Laurent series of f about 0.

Proof. Choose R; < 11 < ry < Rg, and let C; and C5 be the circles centered at 0 of radii 71 and r5, respectively.
Fix z € D with r; < |z] < 7. Since f is analytic in D, so is the function g(w) = W with g(z) = f'(2).
By the deformation principle [Theorem ,

M dw = M dw, z€D. (3.2)

C w—z Cs w—z

Since z lies inside Cy and outside Cf,

1) =0, 1) = 2mif(z).
C w—2z Cs w—z
Therefore, we rearrange |j and then use the power series ﬁ =3t <1
2mif(z) = de— &dw:/ L)Zdw—i—/ Lw)wdw
W2 o w—2 o w(1=3) o z(1-%)

= [ s [ 3 pw) e

C2 =0 1 n=0
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Note that > 02 f (w)wi—il converges uniformly on the circle Cy, and Y0, f (w)z‘;’% converges uniformly on
the circle Cy. Therefore, we interchange the infinite sum and the integral by Theorem 2.6}

2mf(z):§<L j:ffj)l dw) z"+§(/€lw”f(w)dw> ﬁ

Again, by the deformation principle, we can switch the integral paths C; and Cs to any circle C in D centered

at 0 without changing the integral value:

omif(z) = i < wafj)l dw) "

n=—oo

This ensures the existence of the expansion in form (3.1)). It remains to prove the uniqueness of this expansion.
If the expansion f(z) = Y oo c¢,2™ converges in D, it converges uniformly on any circle C' lying in D
centered at 0. Hence for all k € Z,

z = :
. Zk(—&-i dz = Z Cn </C Pl dz> = 2¢7ri,

n=—oo

where all terms in the infinite sum vanish except n — k — 1 = —1. This proves uniqueness. O

Remark. For any point zyp € C, if f is analytic in the annulus D = {z € C: Ry < |z — 29| < Ra2}, we can
apply the previous result to the function g(z) = f(z + zp). This gives the Laurent series of f about zy:

o0

f(z) = Z en(z —20)", Ry <|z| < Ra,

n=—oo

where the coeflicients are

1 f(2)
n=-—[ —————=d Z,
@ /c z n e

2 Jo (2 — zo) L

and C = 0B(zp, R) is any circle of radius Ry < R < Rs centered at zg. Furthermore, an isolated singularity
at zg corresponds to case of Ry = 0. We formally state the result below.

Corollary 3.10. If f have an isolated singularity at zg, then f equals to its Laurent series

oo o0

0= % at-w'= Y (o0 [ 20m ) G-

n=—oo n=—oo

in some deleted neighborhood 0 < |z — zo| < § of 2.

Terminology. The series

fa@) = 3 eulz = z0)"

n=

o

is called the analytic part of f at zg. The series

is called the principal part of f at zg. We can use the principle part of the Laurent series to determine the
class of isolated singularities.
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Theorem 3.11. Suppose f has an isolated singularity at zo, and the Laurent series of f about zy is

o0

f(z)= Z en(z—20)", 0<|z—2 <4

n——oo

(i) If f has an isolated singularity at zo, all the coefficients of the principle part are zero.
(ii) If f has a pole of order k at zy, then c_, # 0 and c_n =0 for all N > k.

(iii) If f has an essential singularity at zo, then there are infinitely many nonzero terms in its principal part.

Proof. (i) If f has an isolated singularity at zp, then there exists a one-point modification g of f in an
appropriate neighborhood of zy, and g is analytic at zg. By the uniqueness argument, the Laurent series of f
about zg equals the Taylor series of g at zg.

(ii) If f has a pole of order k at zp, there exists an analytic function A(z) such that f(z) = % in an
appropriate deleted neighborhood of zg and such that A(zp) # 0. The result follows by plugging in the Taylor
series of A(z) at zp and uniqueness of the Laurent series.

(iii) If f had an essential singularity at zp, and there were only finitely many nonzero terms in its principal
part, then (z — 29)"V f(2) would be analytic for large enough N and hence f would have either a removable

singularity or a pole at zg. O
We can use the Laurent series to derive a partial fraction decomposition of any rational function.

Theorem 3.12 (Partial fraction decomposition). Any proper rational function

P P
O () |
QR ~ G-z =) (z =zl
where P and Q are polynomials with deg P < deg @ and z1,--- ,z, € C are mutually distinct, can be written
as a sum of polynomials in Z_lz/_ , where j =1,2,--- n. That is, there exist polynomials Py, -+ , P, such that
1 1 1
R(Z)=P1< >+P2< )++Pn< )
zZ—21 Z— 29 Z = Zn
Proof. We may assume P(z;) # 0 for all j = 1,--- ,n, otherwise we can eliminate the factor (z — z;) in both

the numerator and the denominator. By definition, R(z) has a pole of order k1 at z;. Write

k1 c_y [e%S) . 1
R(z)zzm+20m(z—zl) :P1<Z—

(=1 m=0

>+A1(z),

21

1

where the principal part P ( ) of the Laurent series of R about z; is a polynomial in ﬁ of order k1, and

zZ—z1
Aj is the analytic part. We can repeat this procedure on the analytic parts A;, As, -+ to obtain
1 1 1
R(z) =P + Py +-- 4P, + An(2).
z—21 Z— 29 Z = Zn
By construction, A,, is entire because it is analytic at all possible singularities z1,- - , z,. Furthermore, A,

is bounded because the rational function R(z) and all the principal parts approach 0 as z — oo. Then by
Liouville’s theorem [Theorem [2.15], A, =0 on C, and

R =p () e () e ().

This completes the proof. O
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3.4 The Residue Theorem

In this section, we generalize the Cauchy-Goursat theorem to functions with isolated singularities.

Definition 3.13 (Residues). Assume that f has an isolated singularity at zg, and

o0

f2)= > elz—2)", 0<|z—2|<?

n=—oo

1

zZ—2Z0

in the Laurent series is

for some ¢ > 0, which is the Laurent series of f about zy. The coefficient c_; of
called the residue of f at zg, and we write c_1 = Res(f, zp).

Remark. Here are some general methods for computing residues.
(i) If f has a removable singularity at zg, then Res(f, z9) = 0.
(ii) If f has a pole at zp, we may find analytic functions A and B such that A(zg) # 0 and B(zp) = 0, and

f@)gz} 0< |z — 2| <4, 36> 0.

If f has a simple pole at zy, then
(z—20)f(2) = o1+ co(z — 20) + e1(z — 20)% + caz — 20)° + - -

is analytic, and

Restf.20) = -1 = Jim (-~ /() = Jn 5 atey = oy
(iii) More generally, if f has a pole of order k at zg, then
(2 —20)"f(2) = i Cn—k(z —20)",
n=0
% [(2 - Zo)kf(z)} = i m%!_l)!cn,l(z — 2p)

Hence

) dk—l i
Res(f, ZO) =C-1= (]C _ 1)] zli)HZlo dzkfl [(Z - ZO) f(Z)} :

(iv) In most cases of higher-order poles, as with essential singularities, the most convenient way to determine
the residue is directly from the Laurent expansion.

Examples.
1 . 1 i
o R (i) = g =g
1 1 1
1/z __ 1/z —
.6/ —1+;+@+@+"',RGS(€/,O)—l.
1 cos L L L + ! Res 1 cos L 1 L
[ ] = — — e = —.
z—1 z—1 z—1 2W(z—1)3  4l(z—1)> ’ z—1 z2—1)" 2
sin z 1 1 z 23 sin z 1
°z4:zs‘9ﬂz+5l‘w+""R65<z4 ’0):‘6



Theorem 3.14 (Cauchy’s residue theorem). Let U be a simply connected open domain. If f is analytic in U

except for finitely many isolated singularities z1,--- ,zx € U, and C is a piecewise smooth contour in U, then
k
/ f(z)dz =2mi Zn(C, zj) Res(f, zj), (3.3)
C °
j=1

where for each 7 =1,2,--- |k,

1, if z; is enclosed by C,

n(C,z;) =
! 0, otherwise.
Proof. We subtract the principal parts from the Laurent series of f(z) about 21, - -, z:
1 1 1
zZ— 2z zZ — Z9 Z— Zk N~

analytic part
principal parts

By Cauchy-Goursat theorem [Theorem ,

/C A(z) dz = 0.

Z_lzj) = Com,j(z—2z;)”™ about z; is analytic in U except at z;.

Note that the principal part series P (
This series converges uniformly outside any open disc centered at z;. Hence

dz dz
/C (Z_Zj)dz—z:c_ ’J/z—zj)dZ_ReS(f’Z])/cz—zj’

where the terms in the infinite sum with m > 2 vanish because (z —z;) ™™ is the derivative of the holomorphic

function 21— (z — z;)!~™. Finally, note that

/ dz 2mi, if zj is enclosed by C,
c

Z Tz 0, otherwise.

We set n(C, z;) . Hence

:271'1 Cz zj

k 1 k k
/Cf(z)dZZZP<Z_Zj>dZZ;Res(f,zj)/ P = z:: (C,zj) Res(f, 2;).

Thus we complete the proof. O

Remark. Let C be a piecewise smooth contour. If f is analytic in an open domain containing C except for
finitely many isolated singularities zq, - - - , zx, which are enclosed by C,

k
/ f(z)dz =2mi ZRes(f, ;).
c =

Using this formula, we transform the integration into the calculus of residues.

26



3.5 Applications of the Residue Theorem: Integration

Various types of real definite integrals can be associated with integrals around closed curves in the complex
plane. In this situation, the residue theorem can be a powerful tool for evaluating integrals.

Example 3.15 (Rational functions on the real line). Let P and Q be two polynomials of single variable.
Assume Q(z) # 0 on R. If deg(Q) > deg(P) + 2, we know that the integral

P, (TP
[m Q) = A e ™

We want to evaluate this integral.

Solution. We choose the integral path consisting of the line segment [—R, R] and the upper semicircle Cg =
{?0<0 <7} fromf=0tof=m:

Im

Cr

Re

By the residue theorem,

" P() P&y, - i " es Ll zj
/_RQ(z) dz + . 20 dz =2 ;R (Q, J), (3.4)

where 21, -+, z, are roots of Q(z) in the semicircle region enclosed by [—R, R] and Cr. The integrand decays
like R72, i.e. there exists a constant C' > 0 such that

sup P() < E
z€C:|z|=R Q(Z) - R¥
for sufficiently large R > 0, we have
P
(Z)dz" < £—>O, as R — oo.
cr Q2) R

Therefore, letting R — oo in (3.4)), we have

/_O; gz; dz = 2m’ji1Res (g zj> ,

where 21, -, z, are roots of Q(z) lying in the upper half plane. O

Remark. The poles of % are all roots of the polynomial Q(z). If z; is a root of Q(z) of multiplicity 1,

namely z; is a simple pole, one can calculate the residue of gg; by

Res <g,zj) = P(zj)%

Z=zj
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Example 3.16 (Oscillatory integral). Let P and @ be two polynomials of single variable. Assume Q(x) # 0
on R, and deg(Q) > deg(P) + 2. We want to evaluate the integrals

< P(x) . ° P(x)
/_OO @) sin(z)dx and /_OO o) cos(x) dz. (3.5)

Solution. We consider the integral

[ S

We continue to use the integral path in Example By the residue theorem,

B p(z) . P(z) , " P(z) ,
/ (z) e dx + (@) e dr = 2mi Z Res ( (2) e, zj> .
j=1

_r Q) or Q@) Q(z)
where z1,--- , z, are roots of Q(z) lying in the semicircle region enclosed by [—R, R] and Cg. According to
the M-L estimate, since Re(iz) < 0 on Cg, we have |¢**| < 1. Then there exists a constant C' > 0 such that
P(z) , C
sup e < —,
2€CRr Q(Z) R2

for sufficiently large R > 0, we have

P(2)
cn Q)

Therefore, letting R — oo in (3.4)), we have

[ o= (G )

4 C
ezzdz‘gﬂR—H), as R — oco.

where z1,- -+, z, are roots of Q(z) lying in the upper half plane. The value of the two integrals in (3.5)) follows
from the real and imaginary part of the last display. O

Lemma 3.17 (Jordan’s lemma). Let P(z) and Q(z) be polynomials with deg(Q) > deg(P)+ 1. If m > 0,

lim / P(Z)eimz dz =0,
R—o0 Cr Q(Z)

where Cg is the upper semicircle {Re? 0 < 0 < 7} from 6 = 0 to ©. The same conclusion also holds when
m < 0 and Cg is the lower semicircle {Re'®, 7 < 6 < 2r} from 0 = 7 to 27.

Proof. We only need to show the case deg(Q) = deg(P) + 1, otherwise one can apply M-L estimate. Assume
m > 0. Then for |z| > 1 great enough, we have
K

S 10
2|

’H@
Q(2)

where K > 0 is an appropriate constant. We parameterize Cr by {Re?,0 < 6 < 7}. Then

P(z)
Cr Q(z)

™ P(Re®) o ™ :
/ ( 6.9) ez’rnRe o iRel@ d@‘ < K/ e—’ranmG do.
o Q(Re") 0

elTﬂZ dZ’ —
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Since sin 6 > 2779 for0 <9< g, we have

T ) /2 ) /2 20 K
K/ e~ mAsng gy < 2K/ e~ mAsin® gy < 2K/ e md) = — (1— e ™H).
0 0 0 mR

This bound converges to 0 as R — oo. The case m < 0 is similar. O

Example 3.18 (Principal value integral). We consider the integral

/ sin(x) de.
o T

The integrand decays like =1, and the integral does not converge absolutely. Nevertheless, we can still evaluate
the principal value of this integral, which is defined as

r = lim

/C>Q sin(x) p B sin(x) d

—00

Solution. We consider the function f(z) = % and the integral path consisting of four parts: the upper
semicircle Cr = {Re?®,0 < § < 7} from 6 = 0 to 7, the line segment [—R, —7], the lower semicircle C, =
{re?, 7 <0 < 2n} from 6 = 7 to 27, and the line segment [r, R)].

Im

Cr

"R —r\)Jr 7 Re

By the residue theorem,

-R

T R
f(z)dz—l—/c f(z)dz+/ f(z)dz+ . f(z)dz = 2miRes (f,0) = 2mi.

According to Lemma the integral on Ci converges to 0 as R — 0. For the integral on C., note that

1% 1 iz_l
/ e—clz:/ fdz—i—/ ¢ dz
c,. # c, % c. <

27 i i
1 . iz _ 1 iz _ 1
= / —ire'? do —|—/ € dz = mi + / € dz.
. re? c, Z c z

r

e -1

The function z — 9‘27—1 is holomorphic, hence is bounded near z = 0. Then the integral | C. dz converges

to 0 as r — 0. Therefore

oo 61'1; . —r R )
P.V./oowdxzrﬁé’lglﬁm< . f(z)dz+/r f(z)dz | =i

Taking the imaginary part, we have [ w = . O
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Example 3.19 (Trigonometric rational functions on the unit circle). Let P and @ be two polynomials of two

variables, and define R = %. We want to evaluate the integral

2
/ R(cos6,sin ) df.
0

Solution. By changing the variable z = %9,

g f(eie) df = " f(efg) de'? = / M dz.
0 |z|=1

et iz

0

Since cosf = % (er %), and sinf = % (zf

27 1 2 1 2 _ 1
/ R(cosf,sin6) d@z/ —R (Z ha 72 - ) dz.
0 |2|=1 1% 2z 21z

The integrand is also a rational function of z:

1 2241 22-1
= —R s -
9() = ( 2z 2iz )

1

z

) , we have

Then we can compute the integral by
27 n
/ R(cos0,sinf) do = 27riZRes(g,zj),
0 =
where 21, 22, - , 2, are poles of g inside the unit disk |z| < 1. O

Example 3.20 (Sector contours). We want to evaluate the following integral:

* d
/ _dr a5
o l4+an
2

Solution. We consider the integral path round a sector of radius r and angle =T, which consists of segment

[0, R], the arc Cr = {Reie, 0<6< %’T} and the segment [Re%,()]. The function f(z) = 1-&-% has a simple

pole at e’ inside the sector when R > 1.

Im

Cr

Re

By the residue theorem,

R dz dz 0 dz . 1 in
— + s =2miRes | ———,en |.
o 142" cp 1427 ReZL 14 27 1+2

The integral on Cr converges to 0 by M-L estimate. The integral on the segment [Re n ,O] is
/0 e dz 2mi /R dx
T Zmiym — ¢€" :
R 1+ (ze™) o l4+an

30




Letting R — oo, we have

2mi /OO dx
(1=%)
o 14z

It remains to calculate the residue:

Therefore,

= 27t Res (

ol

z=en

/7r dr 2mi o5 2mi
o L+z» n(e23i -1) n(e%i —e

This formula holds for all integers n greater than 1.
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4 Miscellaneous

4.1 Analytic Continuation
We first introduce the uniqueness theorem for analytic functions.

Theorem 4.1 (Uniqueness theorem for analytic functions). Let f be an analytic function in an open connected
domain such that f(z,) =0 for a sequence (z,)5%; of distinct points with z, — zo € U. Then f =0 in U.

Proof. Since f is analytic at zg, it has a power series representation around zg. By the uniqueness theorem
for power series [Theorem [1.14], f = 0 throughout some open disc containing zg. To show that f = 0 in U,

we partition U into two sets:
A={z€U:zisalimit of zerosof f}, B=U\A.

For each z € A, since it is a limit of zeros of f, we know that f = 0 in some open disc containing z, and
z € A. Hence A is an open set. On the other hand for each z € B, we have f(w) # 0 in a punctured disc
0<|w—2<d,and z € B. Hence B is also an open set. By connectedness of U, either A or B is empty.
Since 2o € A, B is empty, and every z € U is a limit of zeroes of f. By continuity, f = 0 throughout U. O

Corollary 4.2. Let U be an open connected domain U. If two analytic functions f and g in U agree at a set
of points with a limit point in U, then f = g through U.

Proof. Consider the function f — g and apply Theorem O

Suppose we are given a function f which is analytic in an open domain U. We say that f can be continued
analytically to an open domain U; that intersects U if there exists a function g, analytic in U and such that
g = f throughout U N U;. By the uniqueness theorem, any such continuation of f is uniquely determined.

Definition 4.3 (Regularity). Let f be an analytic function in an open disc D. If zg € 9D and and f can be
continued analytically to an open neighborhood U of zy, then f is said to be regular at zy. Otherwise, f is

said to have a singularity at z.
We first discuss the analytical continuation of power series.

Theorem 4.4. If the power series ZZOZO cn2™ has a positive radius of convergence R < oo, the function

f(2) =300 cnz™ has at least one singularity on the circle |z| = R.

Proof. Argue by contradiction. If f has no singularities on |z| = R, we can choose an open disc B(z,€,)
to which f can be continued analytically for each |z| = R. By taking the union of B(0, R) and these discs
centered on |z| = R, we obtain an open connected domain U to which f can be continued analytically.

We consider the function d(z,U¢) = infycpe |y — z|, which is continuous on z € B(0, R). By compactness,
there exists € > 0 such that d(z,U¢) > € for all z € B(0,R). Hence the disc B(0, R + €) lies in U. Using
the uniqueness theorem [Theorem [1.14], the continuation g of f on B(0, R + €) has the same power series
representation Y. _,¢,z", which is convergent for all |z| < R+e. But > 7 ¢,2" has radius of convergence

R, which leads to a contradiction. O

Theorem 4.5. If the power series Z:;O:o cn 2™ has a positive radius of convergence R < oo and ¢, > 0 for all
n € Ny, the function f(z) = > ", cnz™ has a singularity at z = R.

Proof. By Theorem f has singularity at some Re*®. Consider the power series for f about a point pe®,
with 0 < p < R:

- , 0 £(n) ( ppit 4
FE) =3 an(z—pe?)" =3 %(z ety
n=0 n=0 '
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The radius of convergence of this series is R — p. Furthermore, for any nonnegative integer k,

oo

F®) (pei?) = Z n(n—1)-(n—k+ 1)cp(pe’?)" ",
n==k

Since ¢, > 0, we have | f*)(pe?®)| < f*)(p). By Theorem m the power series expansion of f at p,

(o]

™ (p)

Z n! (Z - p)na
n=0 :

has radius of convergence R — p. On the other hand, if f were regular at z = R, the above power series would

converge in a disc of radius greater than R — p. Therefore f is singular at z = R. O

Definition 4.6 (Natural boundary). If f(z) = > .2 ¢,2" has a singularity at every point on its circle of
convergence, then that circle is called a natural boundary of f.

The following criterion is useful for determining the natural boundary of power series.

Theorem 4.7 (Ostrowski-Hadamard gap theorem). Let f(z) =Y pocxz™ be a power series with a positive

radius of convergence R < co. If

.. e Nk
lim inf —+
k—oo TNy

> 1,
the circle of convergence of the power series is a natural boundary for f.

Proof. Since the result is independent of ¢, we may assume without loss of generality that the radius of
convergence is 1. Also, by neglecting finitely many terms if necessary, we may assume that for some 6 > 0 and
for all k, it holds ngy1/ng > 14 6. Finally, it suffices to show that f is singular at the point z = 1. For the
same result, applied to the series Yo cx(ze~)" shows that f is singular at any point z = €.

Choose an integer m > §~! and consider the power series g(w) obtained by setting z = “’m%“’m“ and in f

and expanding the terms:

w™ + (J.)erl Co Cono 1 Coﬂ(](no + 1) 2 Co
g(w) = f < — 9 mno 2070 mno+t 4 OOV0 2 mnot 4t 0 ymno+no
2 2mn0 210 2. 9n0 9n0
i iwmnl I c1nq wmn1+1 4 Mwmnﬁ*z 4+t iwmn1+n1 4o
211 ony 2.92Mm on1

Note that in this expression no two terms involve the same power of w, since

n 1
RS 14—,
ng m

mng4+1 > mng + ng  whenever

m m—+1
When |w| < 1, we have z = “—H—

if we take w > 1, we have z = ‘*’m%‘”mﬂ > 1, and g(w) diverges. Hence the power series g(w) has radius of

< 1, hence g(w) = f(z) is absolutely convergent. On the other hand,
convergence 1. By Theorem g must have a singularity at some wqy with |wo| = 1. If wy # 1,

<1

W™ 4 wmtl
2

14w
Since f(z) is analytic in |z| < 1, g is regular at wp. Thus g must have a singularity at wg = 1, and since

o) = (),

f(2) must have a singularity at z = 1. O
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4.2 Holomorphic Functions Defined by Integrals

Theorem 4.8 (Holomorphy of definite integrals). Let F'(z,t) be a continuous function of z € U C C and
t € [a,b], where U is an open domain in C. If F is holomorphic in z for each fized t € [a,b], then

b
£() = / F(e,1) dt

is holomorphic in U, and the complex derivative is

b
re= [ S

Proof. We first claim that the first and second partial derivatives F, and F,, are continuous as functions of

two variables. By Cauchy’s integral theorem,

F(z,t):i_/ de, Fz(z’t):i/ de’ Fzz(zat):i./ de’
2mi Jo w—z 270 Jo (w—2)2 Ti Jo (w—2)3

where C' is any contour in U enclosing z. Given zg € U, we let C' be the boundary of a closed disc B(zo,r)
contained in U. Since F' is uniformly continuous on the compact set B(zo,7) X [a,b], and on C X [a,b], we let
M = max,ec tefa,p) F(w,t). Then for all z € B(zo,€) with e <,

/de_/ F@H 1l < 2mras max
o (w—2)2 o (w—20)? weC

dmr2Me

1 1
(w—2)

and by uniform continuity of F on C X [a, b],

[ [y

Hence F, is continuous. The continuity of F,, follows in a similar approach. We then consider the expansion

lim
t'—t

F(z,t) = F(z0,t) + F.(20,t)(z — 20) + R(2,t), z € B(zp,r),
where the remainder R(z,t) satisfies a uniform estimate of the form

|R(z,1)] §A\z—zo|2, A= max |E..(z,1)]|.

z€B(z0,7), t€la,b]

For all z € B(zg,r),

/ab (F(z,t) — F(z0,t) —Fz(zo,t)> it

Z— 20

b
< / Alz — 2| dt = A(b— )z — z|.

Hence f; F(z,t)dt is holomorphic in z, and the derivative is fab F,(z,t)dt. Thus we complete the proof. [

Remark. The same conclusion does not necessarily hold if we replace the compact interval [a, b] by a non-

compact one. For example,

f(z) = / i

o 1412

is not holomorphic in z. In fact, the integral does not converges when z ¢ R.
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Theorem 4.9 (Holomorphy of improper integrals). Let F(z,t) be a continuous function of z € U C C and
t € (0,00), where U is an open domain in C. Assume that F is holomorphic in z for each fized t € (0,00),

and the improper integral

flz) = /OOOF(z,t)dt

is absolutely convergent for all z € U. Furthermore, assume that for all compact K C U,

lim sup =0.

a—0t,b—00 zc K

/ "Rl ) db— (o) dt

In other words, the improper integral converges uniformly in z on any compact subset of U. Then f(z) is

holomorphic in U, and

° OF

fi(z) = ; g(z,t)dt. (4.1)

Proof. The previous theorem implies that

ful2) :/;F(z,t)dt, ne12...

n

is a sequence of holomorphic functions in U. By our assumption, f, — f pointwise and compactly. Using
Theorem we know that f(z) is also holomorphic in U. By Cauchy’s integral formula and Theorem ,

fl(z)= ! /C(f(z)dez lim 1/C(wfn_(i))2dw:nli_)néof,’z(z),

271 w—z) n—o0 27

where we choose C to be a circle around z and contained in U. Then the derivative formula (4.1) follows. O

4.3 The Gamma Function

Gamma function in the right half-plane. We consider the improper integral

o
F(s):/ ts~le~tat,
0

s=1)logt The integral converges absolutely when Re(s) > 0.

where s € C, and the power ¢t*~! is defined by e
Furthermore, we fix some compact set K C {z: Re(z) > 0} with 0 < k < Re(s) < o for all s € K. When we

take the integral near infinity, we obtain the following uniform estimate for s € K:

o0 o0 o0 t t b t
/ et dt| < / tRe(s)—1e—t gp < / e~ 2 dt X sup e 2tRe(®)—1 < 90—3 supe 2t L.
b b b t>b t>b

Clearly, this estimate converges to 0 as b — oco. On the other hand, we also the following uniform estimate for

s € K when we take the integral near 0:

a a a aK,
/ t51etdt’ g/ tR°<S)*1e*tdt§/ e < —.
0 0 0 K

Again this estimate converges to 0 when ¢ — 0. Hence we verified the compact convergence condition in
Theorem To conclude, the Gamma function I'(s) is holomorphic in the right-half plane Re(s) > 0. Next,
we are going to extend this function to the whole plane.
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Meromorphic continuation of I' to C. Use the integration by parts formula, we see that
o0 t=o0 o0
I'(s+1)= / tetdt = tset|t;0 + S/ e 't*7tdt = sT'(s), Re(s) > 0.
0 0

This identity allows us to define an extension of T" to the half-plane Re(s) > —1, s # 0:

I(s) = @, Re(s) > -1, s #0.

Clearly, the extended I' is holomorphic in both Re(s) > 0 and —1 < Re(s) < 0, and continuous on the nonzero
imaginary axis {iy : y # 0}. By Theorem the extended T' is holomorphic throughout Re(s) > 1, s # 0.

1

Furthermore, we have I'(s) ~ + near s = 0, since

lim sT'(s) = im I'(s + 1) = 0.
5s—0

s—0

Hence T' has a simple pole at s = 0 with residue 1. We repeat the same manner and define

I'(s+2)
I'(s)=—=, R -2 0,-1
()= oyt Rel)> -2 501
I'(s+3)
I'(s) = ————+———=, Re(s)>-3, s#0,-1,-2,
)= i ey R ;
I'(s+k+1)
I'(s) = , Re(s)>—-k—-1,s#0,—-1,---,—k.
() s(s+1)---(s+k) () 7
Then we obtain an extended I' that is meromorphic on C with poles only at nonpositive integers. Moreover,
near s = —k, where k£ € Ny,
: . I'(s+k+1) (—1)*
1 E)(s) =1 = .
s—1>r£lk(s+ )T(s) it s(s+1)---(s+k—1) k!

Hence

_1\k
Res(T, —k) = ( k:l') , k=0,-1,-2,---.

Thus we get an meromorphic continuation of I' on the entire complex plane.

Euler-Mascheroni constant. We consider the sequence ¢, = 1+ % + -+ ﬁ — logn. One can easily

verify that (t,,) is a bounded monotone increasing sequence:

n—1
1 k+1
=1+ -+ +—10gn—2(k—log 2 )
k=1
n—1 1 o) 1 WQ
< — < _— = —
- 22_222 12
k=1 k=1

Hence the sequence (t,,) is convergent, and its limit lim,,_, « ¢, equals
. 1 1
v= lim {1+ 3 4+ -4+ — —logn | ~ 0.5772156649.
n

n—oo

This limit is called the Euler-Mascheroni constant. This constant is related to the gamma function.
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Theorem 4.10 (Gauss). The T’ function can be written as

n!n?®
T = 1i C —1,-2,---. 4.2
(5) nl—%os(s—|—1)--~(s—|—n)7 s€C s70,-1,-2, (4.2)

Proof. By calculus, we have e~ t/™ — (1 — %) < % Applying the inequality a™ —b™ < na™ '(a —b) for a > b
and n > 1 gives

n 2,—(1-1)t 2 —t/2
et~ 1—3 Ste Ste Si, n=2.
n 2n 2n ne2

Hence (1 — %)n — e~ uniformly on (0,00). We plug-in this limit to the integral definition of ' function and
apply integration by parts:

/ ts"le7tdt = lim 51 (1 — ) dt = lim —/ t57Hn — )" dt
0 n—o0 0 n n—oo N 0

1 " 1 1)1 n
. n / ts(n — t)n_l dt=---= lim — - TL(TL ) ) / ts-i-n—l dt
0 0

n—oo N § n—oo N 5(5+1)~~(5+n71

I'(s)

I
g
|
\

nlns
= 1li .
Jm D Gy >0

Furthermore, for Re(s) > —k — 1, we use the continuation given before to get

I(s+k+1) _ n!psthtl
I'(s) = = lim
s(s+1)---(s+k) nooos(s+1)---(s+k)-(s+k+1)---(s+k+n+1)
. n!n? . n n n
= lim x lim :
n—oo §(s+1)---(s+n) nocs+n+1l s+n+2 s+n+k+1
nln®

li .
o s(s+1)---(s+n)
Therefore we obtain the alternative definition for I'. O

Theorem 4.11 (Weierstrass-Hadamard product). For all s € C, the reciprocal of T'(s) is

1 S S s
R — s 1 7) —n
I'(s) ¢ 711:[1( ta)e

where 7y is the Euler-Mascheroni constant.

Proof. If s #0,—1,—2,---, we insert the factors e~ = to the reciprocal of (4.2)) and obtain

1 . s s s
()~ sn " (1+3) (1+3)(1+3)

— lim ses(F Bt —logn) (1 4 gy s (1 + f) i (1 + i) e
n—00 2 n

— oS e n
se H (1 + n) e

n=1
For the case s #0,—1,—2,---, we have 1/T'(s) = 0, and the result is clear. O

Theorem 4.12 (Euler’s Reflection formula). For all s € C with s # Z,

™

I(s)I'(1—s) = Sn(sm)”
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Proof. We consider 0 < Re(s) < 1. By definition,

e’} (e’ - 0o 00 o -
L(s)I(1 —s) = / / wle My~ du dv U= / / 1=5e—ult+1) Ju dt — / dt.
0 0 0 0 0 1 +t

S

We then apply contour integral to compute the last integral. For the multi-valued function z7°, we use the

main branch (re?)=* = r=(e~%?) where 0 < < 27. Use the keyhole path shown below.

Im
Cr
Cef ie O+
—R \ . Re
—1e (C_

By the residue theorem, we have

R _—s —s € ,—s,—2iws —s —s
z z z e z z .
d d —d dz = Res —1) =75,
/6 14z Z+/CR1+Z Z+/R 1+ 2 Z+/CF1—|—Z * eb(l—&—z’ ) €

We use the M-L estimate to eliminate integrals on C'r and C.. On the outer circle Cg,

P R Re(s) R
/ dz| <2rR-——— ~27R" ) 50, as R — .
On the inner circle C,
—s — Re(s)
/ i dz| < 2me - € ~ 2melTRe(s) 0, as e— 0T,
C. 1 +z —

Letting ¢ — 0T and R — oo, we have

o0 Z—s . oo Zfs .
/ dz — 6721‘”8\/ dz =e "%,

ot 27i ims 27i 7T
dt = —¢ = — — = — .
o L1+t 1 — e—2ims eims —e~ims  gin(sm)

Hence

Generally, for k < Res(s) < k+ 1, where k € N,

I'l+k—s)
(1—=5)2—=s8)-(k—ys)

M) F(1—s)=(s=1)(s=2)---(s—Kk)I(s—k)-

s

= (1) T(s —k)L(1+k —s) = sin(sm)’

Hence the desired result holds for all s € C with s ¢ Z. O
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1
Corollary 4.13. The reciprocal —— of the gamma function is an entire function on C.

I'(s)

Proof. By Theorem m I'(s) # 0 on C, and the result follows from meromorphy of T'. O

Theorem 4.14 (Legendre’s duplication formula). For any s € C,

[(s)I' (s + ;) = 21725\ /nT'(2s).

Proof. Let Re(s) > 0. By the integral definition of T, we have

1 o0 oo o0 oo .
I(s)I <5 + > = / e “uS du - / e v T3 dy = / / e~ WDy du dt. (let u = t/v)
2 0 0 o Jo

Recalling that

we have

Then

oo R ] 2
/ e T e Wy = \/me~ T, (eR,

— 00

o0 2 Vi 2 t
/ e Ve dy = /e w.
0

T 2t —z? —wvys—1, —1
e vie T eT "t T v 2 de dudt

—00

o
1 oo o0 oo .
= — / / / e 2iwVEg—(Lyvys—1 dy dv dt (change y = z/1/v)
0 0 —o0
!

™
1 oo o0 oo . —Uu

=7 / e*myﬁtsflliin dy du dt (change u = (1 + y%)v)
1 e} 00 e—2iy\/f .

= N /_Oo 17 dy | t°7 " dt. (By Fubini’s theorem)

The inner integral can be computed by residues. By Jordan’s lemma, we choose the semicircle of radius R in

the lower half-plane and let R — oo:

Then

%] 672iy\/f ) 6722'2\/5 ] 72\/{
[mwdy:—2ﬂ'ZRes 1_’_722,—2 = Te .

I'(s)I <s + ) —vr | e ipsig e 2Vt \/E/ Y eTdy = 2172 /7 T(25).
0

1 r k r k+ 1
F(S)F<s+)_ (s+#) _Dlsrkt+sy)
2 s(s+1)---(s+k—=1)(s+2)(s+2) - (s+k—13)
22k
= 2172572k /TT(25 + 2k) = 2172 /7w ['(2s).
25(25 + 1) - (25 + 2k — 1) VAL (2s + 2k) VrT(29)
Then we complete the proof. O
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4.4 Laplace Transform

Let f(t) be a function defined on [0, 00). We consider the following improper integral:

= [ e
0

where s € C. This integral may not converge everywhere on C. To do better, we assume that the function f
is bounded. Under this assumption, the integral converges absolutely for all Re(s) > 0.

Definition 4.15 (Laplace transform). Let f : [0,00) — C be a continuous function such that for some
constants C' > 0 and a € R, |f(t)] < Ce® for all ¢ > 0. In other words, the function e~ f(t) is bounded.
The Laplace transform of f is defined to be a function F(s), which is given by

F(s) = (CF)(s) = /OOO F()e*tdt, seC, Re(s)>a

Remark. The integral converges absolutely in the domain Re(s) > a.

Proposition 4.16 (Properties of the Laplace transform). Let f and g be continuous functions on [0, 00) that

grow no faster than exponential functions.
(i) If a € C and g(t) = e f(t), then (Lg)(s) = (Lf)(s — a).
(it) If a > 0 and g(t) = f(at), then (Lg)(s) = L(Lf) (2).
(i5i) If [ is continuously differentiable,

(Lf)(s) = s(Lf)(s) = (0).

Proof. Both (i) and (ii) is proved by change of variables. To prove (iii), we use integration by parts:

9= [T rweta= e 5 - [T wdet = [T e a- o).

Then we complete the proof. O

Proposition 4.17. The Laplace transform Lf is holomorphic in the half-plane Re(s) > «

Proof. The function f(t)e™*! is continuous in s and ¢. Following Theorem we can prove the desired result
by discuss the compact convergence property of Lf.

Since the function f(t)e™*! is well-behaved near ¢ = 0, it suffices to consider the convergence property of
the improper integral near infinity. We fix a compact set K C {z : Re(z) > a} with o < k < Re(s) < o for all
s € K. Then we have the following uniform estimate for all s € K:

e—st

< / |f<t)|€_ Re(s)t < / Ceate—nt dt = Ce—(n—oe)b.
b b

This estimate converges to 0 as b — oco. Then we finish the proof. O

Remark. By Theorem the complex derivative of the Laplace transform F = Lf is

F'(s)=— /000 tf(t)e *tdt, Re(s)> a.

More generally, the derivative of F' of order n is

FM(s) = (=1)" /000 t"f(t)e s dt, Re(s) >«
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We are curious if we can recover a function f from its Laplace transform Lf.

Theorem 4.18 (Bromwich integral). Let f be a continuous function on [0,00) that grows no faster than

exponential functions, and let F' be the Laplace transform of f. Then

o+1i00
ft)= (L F)(t) = ! / F(s)e*tds, o> a. (4.3)

27i —ico

Remark. The integral transform (4.3)) is also called the inverse Laplace transform of F. Practically, we can
compute the inverse Laplace transform using residues.

Proof. We extends f to the real line by defining ¢ = f on Ry and ¢(¢) = 0 for all ¢ < 0. Then

oo

F(o+1i&) = (Lf)(o+1i) = /000 ft)e ote ™t dt = / gt)e %t ®tdt, o >a, £ €R.

—00

This is the Fourier transform of g(t)e~?t. By Fourier inversion formula,
—ot 1 > - i€t
gt)e " = o F(o + i)'t de.

We multiply both sides of the last display by e°! and change the variable s = o + i¢:

g(t) = L /OO F(o +i€)e° it de = L /UHOO F(s)e* ds.

27 271 )y _ioo
This is the desired result when ¢ > 0. O
Finally, we introduce the convolution theorem for the Laplace transform.

Theorem 4.19 (Convolution theorem). Let f and g be two continuous functions on [0,00) that grow no faster
than e“t. Define the convolution of f and g to be

(f % g)( / F(r)g(t —7) t>0.
Then in the half-plane Re(s) > a,

L(f*g)=Lf-Lg.

Proof. Let F(s) and G(s) be the Laplace transform of f(¢) and g(t), respectively. Then

(L(f*g))( / (/f gt —7 dT) st dt
/ / f(r)e gt —m)e *t") dr dt
:/O f(r)e™" (/ng(t—r)e—s(ff—ﬂ dt) dr

- /0 T (e TG(s) dr = F(5)G(s).

Thus we finish the proof. O
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