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0 Notations

x € Aor A>x : z belongs to set A

AUB : The union of A and B, i.e. {x:x € A or z € B}

AN B : The intersection of A and B, i.e. {x:xz € A and z € B}

ACBor BDA : Aisasubset of B,ie. Ve € A, z € B

AC Bor B2 A : Aisa proper subsetof B, i.e. A C B and 3b € B such that b ¢ A

B\ A : The difference of B from A, i.e. {b:be€ B,b¢ A}

A x B : The cartesian product of A and B, i.e. the set of tuples {(a,b) : a € A,b € B}

Uaes Aa @ The union of collection {An,a € J}, ie. {a:3a € J, a € Ay}

MNacs Aa = The intersection of collection {An,a € J}, ie. {a:Va € J, a € Ay}

[Iocs Ao : The cartesian product of collection {Aq, a € J}, ie. {(Ta)acs : Ta € Ay for each a € J}
7 : The projection map that carries a tuple x = (24 )acs to its S-th component zg

() : The empty set

A : The closure of subspace A

A : The interior of subspace A

0A : The frontier of subspace A

O(zo,€) : The open ball centered at x¢ of radius € in a metric space (X, d), i.e. {z € X : d(z,z0) < €}
d(xz, A) The distance from a point = to a set A in a metric space (X,d), i.e. d(z, A) = inf,c 4 d(z,a)
xn — x : The point sequence z,, converges to z

YX : The set of all functions from X to Y, namely, the Cartesian product [LexY

fla : The restriction of function f : X — Y on subspace 4, ie. fla: A—=Y,a— f(a)

X4 The indicator function of a subset A C X, i.e. xa: X — {0,1} with xa(A) = {1} and xa(X\A) = {0}
fn = f : The function sequence f,, converges uniformly to f

N : The set of all positive integers, i.e. {1,2,--- ,n,n+1,---}

Ny : Nu{0}

Z : The set of all integers, i.e. NU {0} U (—N)

Q : The set of all rational numbers, i.e. {n/m:n € Z,m € Z}

R : The set of all real numbers, the completion of (Q, |- —-|)

R, : The set of nonnegative real numbers, i.e. {z: 2z € R,z > 0}

C : The set of complex numbers, i.e. {a+bi:a € R, b€ R}, where i = —1



1 Open and Closed Sets

1.1 Open and Closed Sets in Topological Spaces

Definition 1.1 (Topology and open sets). Let X be a nonempty open set. A topology on X is a collection
7 of nonempty subsets of X, called open sets, such that
(i) any union of open sets is open,
(ii) any finite intersection of open sets is open, and
(iii) both X and ) are open.
A set X together with a topology 7 on it is called a a topological space, denoted by (X, 7). Without ambiguity,
we drop .7 and say X is a topological space.

Examples of topological spaces.
e (Euclidean Space). Let X = R™. A subset U of X is open if for every x € U, there exists § > 0 such that
the ball O(x,0) = {y € R" : |y — x[[2 < d} lies entirely in U.
e (Discrete topology). Let X be a non-empty set. Every subset of X is an open set.
e (Subspace topology/induced topology). Let Y be a non-empty subset of X. A subset U of Y is open if
there exists an open set O in X such that U =0 NY.

Definition 1.2 (Neighborhood). Let X be a topological space. Given a point z € X, a subset N of X is
called a neighborhood of z, if we can find an open set O in X such that x € O C N.

By definition, an open set O C X is a neighborhood of each of its points. Conversely, if O is a neighborhood

of each of its points, we can find an open N, for each x € O such that z € N, C O. Then O = N, as a

z€0
union of open sets is itself open. )
Proposition 1.3 (Properties of neighborhoods). Let X be a topological space, and x is a point in X. Then
the following statements hold:

(i) x lies in each of its neighborhood.

(i) The intersection of two neighborhoods of x is itself a neighborhood of x.

(iii) If N is a neighborhood of x and N C M C X, then M is a neighborhood of x.

(iv) If N is a neighborhood of x, then N = {y € N : N is a neighborhood of y} is also a neighborhood of x.

Proof. The first three statements are trivial. We prove the fourth statement. Let N be a neighborhood of x,
then there exists an open set O in X such that z € O C N. Since O, as an open set, is a neighborhood of each
of its points, we have O C N , which concludes the proof. O

Remark. The four properties in Proposition 1.3 form an alternative construction of a topological space. More
specifically, let X be a non-empty sets, for each point z € X we define the collection of its neighborhoods as
satisfying (i)-(iv). A subset O of X is called an open set if it is a neighborhood of each of its point. Then we
can verify that the collection of open sets in X satisfies

Definition 1.4 (Closed sets). A subset A of a topological space X is said to be a closed set in X, if its

complement X\ A is open.

Remark. Combining [Definition 1.1] and [Definition 1.4] it is clear that any intersection of closed sets, any

finite union of closed sets, the entire space X and the empty set () are closed. To characterize closed sets in a
topological space, we introduce the following definition.

Definition 1.5 (Limit points/accumulation points). Let A be a subset of a topological space X. A point
p € X is called a limit point of A if every neighborhood of p contains at least one point of A\{p}.



Theorem 1.6 (Characterization of closed sets). A set is closed if and only if it contains all its limit points.

Proof. Let A be a closed set in a topological space X. Then its complement X\ A, being an open set, is a
neighborhood of each of its points. Then any € X\ A is not a limit point of A, and A contains all its limit
points. Conversely, if A contains all of its limit points, then for each z € X'\ A, there exists a neighborhood of
x lying in X\ A. Therefore X\ A is a neighborhood of each of its points. O

Definition 1.7 (Closure). Let A be a subset of a topological space X. The union of A and all its limit points,
denoted by A, is called the closure of A.

Theorem 1.8. Let A be a subset of a topological space X. Then A is the intersection of all closed sets in X

that contains A. In other words, A is the smallest closed set that contains A.

Proof. We first prove that A is closed. For every z € X\ A, we can find an open neighborhood O of = such
that O does not intersect with A. If O contains a limit point of A, denoted by p, then O as a neighborhood of
p contains a point of 4, a contradiction! Hence O C X\ A, showing A is closed. Now let B O A be a closed set
in X. It suffices to show that any limit point p of A is contained in B. To see this, suppose p ¢ B. Since X\B
is open, it is a neighborhood of p. Then X\ B contains at least one point in A, again a contradiction! O

The following conclusion immediately follows from
Corollary 1.9. A set is closed if and only if it is equal to its closure.

Definition 1.10 (Interior). Let A be a subset of a topological space X. The interior of A, denoted by /01, is

the union of all subsets of A that are open in X. A point that is in A is an interior point of A.

It is clear that a set is open if and only if it is equal to its interior. We can also check that a point x lies

in A if and only if A is a neighborhood of x, which is consistent with the notation we use in [Proposition 1.3

Definition 1.11 (Frontier). Let A be a subset of a topological space X. We define the frontier of A as the

intersection of its closure and the closure of its complements, 94 := AN (X\A).
Proposition 1.12. Let A be a subset of a topological space X. Then ANoA= 0, and AUoA=14.

Proof. Let {Oy : A € A} be the collection of all open subsets of A. Then {X\O, : A € A} is the collection
of all closed sets in X that contains X\A. By |Deﬁnition 1.10| and |The0rem 1.8[, we have A = Uxea Oa, and
(X\A) = Nyea(X\O») = X\A. Hence ANOA =0, and 94 = AN (X\A) = A\A. O

Remark. In the above proof, we obtain an alternative definition of the interior: A = X\ (X\A)
Proposition 1.13. Let A and B be two subsets of a topological space X. The following statements hold:
(i) (AUB)° > AU B; (i) (AN B)° = AN B; (iii) (A)° = A.

(iv) AUB=AUB; (vyANB C ANB; (vi) A= A;

Proof. Applying (i) and (ii) to X\ A and X\B yields (v) and (iv), respectively. The result (iii) holds because
A is open, and (vi) holds because 4 is closed. Hence it remains to show (i) and (ii).

(i): z€ AUB & either A or B is a neighborhood of # = AU B is a neighborhood of z < z € (AU B)°.
(ii): € (ANB)° < AN B is a neighborhood of z < both A, B are neighborhoods of z < =z € AUB. O

Remark. The equality does not necessarily holds in (i) and (v). As a counterexample of (i), consider
A=[-1,0] and B=10,1] in X =R.



1.2 Density and Separability

Definition 1.14 (Dense sets). Let A be a subset of a topological space X. A subset D of X is said to be
dense in A if A C D. Specifically, D is a dense set if D = X.

Remark. D is also called an everywhere dense set when D = X.

Proposition 1.15. Let A be a subset of a topological space X. Then A is dense if and only if it intersects

with every nonempty open set in X.

Proof. Suppose that A intersects with every nonempty open set in X. It suffices to show that for any = € X\ 4,
x is a limit point of A. This is clear because every neighborhood of x, containing a nonempty open set in X,
intersects with A. Conversely, let O be a nonempty open set in X, and let A be dense in O. Choose = € O.
The conclusion is clear if z € A, so it remains to prove the case x ¢ A. Since A is dense in O, z is a limit

point of A. Hence O as a neighborhood of = contains at least one point of A, which concludes the proof. [J

Proposition 1.16. Let A be a dense set in a topological space X. Then for every nonempty open set O C X,
ANO is dense in O.

Proof. Choose z € O, we want to show that x € AN O. It suffices to prove the case x ¢ A. Let N be an
arbitrary neighborhood of z. By (ii), NN O is a neighborhood of z, and contains at least one
point of A. Hence N N (O N A) # ), and z is a limit point of AN O. O

Definition 1.17 (Basis). Let X be a topological space.
(i) A basis for the topological space X is a family 9 of open sets such that every open set in X is a union
of members of . Elements of Z are called base sets.
(ii) A neighborhood basis for X at x is a family %, of open sets containing x such that every neighborhood

of X contains at least one member of %,.

Remark. A family of sets & is a basis for X if and only if 4 contains a neighborhood basis at each z € X.

Theorem 1.18. Let B be a nonempty collection of subsets of a set X. If the intersection of any finite number

of members of & is always in B, and if Ugc 5 B = X, then % is a basis for a topology on X.
Proof. Let 7 be the collection of all unions of members of . Then .7 forms a topology on X. (To see this,

just check the three conditions in [Definition 1.1]) O

Remark. Given any family & of sets in X, we can generate a topology on X which consists of all unions of

finite intersections of members of &.

Definition 1.19 (Second countable space). A topological space is said to be a second countable space if it
has a countable basis.

Definition 1.20 (Separable space). A topological space is separable if it has a countable dense subset.
Theorem 1.21. A second countable topological space is separable.

Proof. Let X be a second countable topological space with a basis = {B,, : n € N}, and without loss of
generality let each B, be nonempty since empty sets can be discarded. Choose x, € B, for each n and let
A ={x,,n € N}, then X is separable if we can show that A is dense in X.

By [Proposition 1.15] it suffices to show that A intersects with every nonempty open set in X. Let O be an

arbitrary nonempty open set in X. Then there exists B,, such that B, C O. Consequently, O and A meet at
the point z,,. O



1.3 The Subspace Topology

Definition 1.22 (Subspace topology). Let Y be a non-empty subset of a topological space (X, Zx). Let
Ty ={0NY : 0 € Tx} be the collection of open sets in Y, then 73 defines a topology on Y, which is called
the subspace topology. The topological space (Y, Jy ) is also called a subspace. Without ambiguity we can drop
Jy and say Y is a subspace of X.

Proposition 1.23. IfY is a subspace of X, and Z is a subspace of Y, then Z is a subspace of X.

Proof. By definition, we have Z CY C X, and &5 ={ONY :0€ Ix}, 9, ={0'UZ:0 € H}.
YO'NZ e Tz,30 € Ix such that O'NZ=(0O0NY)NZ=0NZ.

AndVO € Ix,wehave ONZ=0N (Y NZ)=0"NZ <€ Tz, where O’ :=0NY € %

Hence 77, ={OUZ :0 € Jx}, and Z is a subspace of X. O

Proposition 1.24 (Closed sets in a subspace). Let Y be a subspace of X. Then a subset of Y is closed if and

only if it is the intersection of Y with a closed set in X.

Proof. For the “if” statement, let K = BNY, where B is closed in X. Then Y\K = Y\B =Y N (X\B) is
open in Y, because X\ B is open in X. Therefore K is closed in Y.

For the “only if” statement, suppose K is closed in Y. Then we know that Y\ K is open in Y, and 3 open
O in X such that YAK = ONY. Hence (X\O)NY =Y\(ONY) = K, which concludes the proof. O

Lemma 1.25 (Open and closed subspaces). Let Y be a subspace of X such that'Y is open (closed) in X, and
A be a subset of Y. Then A is open (closed) in'Y if and only if A is open (closed) in X.

Proof. By [Definition 1.22| and [Proposition 1.24] [

Proposition 1.26 (Closures and interiors in a subspace). Let Y be a subspace of X, and A be a subset of Y.
Denoted by Ax and Ay the closure of A in X and in'Y, respectively, and similarly Ax and Ay the interiors.

Then: (Z) Zy :ZX ny, (ZZ) Ay D /ix.

Proof. (i) Let {Bx : A € A} be the collection of all closed subsets of X that contains A. By [Proposition 1.24]
{BANY : XA € A} is the collection of all closed subsets of Y that contains A, and (i) follows from
(ii) We only show the case fiX #0. Ifac AX, then 3 an open set O in X such that a € O C jlx. Since
ONY isopenin Y, and we have a € ONY C A, A is a neighborhood of a in subspace Y. Hence a € Ay. O

Remark. In[Proposition 1.26] the equality in (ii) does not necessarily holds. As a counterexample, consider
Euclidean spaces X = R2 and Y =R, A= (0,1) C Y. Then Ax =0, Ay = A.




2 Continuity

2.1 Continuous Functions

Definition 2.1 (Continuous functions). Let X and Y be two topological spaces. A function f: X — Y is
said to be continuous if the inverse image of each open set in Y is open in X, i.e., for each open set O C Y,
the inverse image f~1(0):={z € X : f(x) € O} is open in X.

Proposition 2.2 (Neighborhood characterization of continuity). Let X and Y be two topological spaces. A
function f: X — Y is continuous if and only if for each point € X and each neighborhood N of f(z) in Y,

the inverse image f~1(N) is a neighborhood of z in X.

Proof. “If” part: Let O be an open set in Y. Then for every € f~1(0), O is a neighborhood of f(z) in Y.
By our assumption, f~1(0) is a neighborhood of z in X.

“Only if” part: Let x € X and N be a neighborhood of f(z) in Y. Then 3 an open set O such that
f(x) € O C N. Since f~1(0) is open, f~1(N) D f~1(O) > = is a neighborhood of z in X. O

Remark. In some literature, is also used as the definition of continuous functions.

Theorem 2.3. The composition of two continuous functions is continuous.

Proof. Let X,Y,Z be topological spaces, and f: X — Y, g:Y — Z be continuous functions. Let O be an
open set in Z, then ¢g=1(O) is open in Y, and f~1g=1(O) is open in X. Since (go f)~1(O) = f~1g7(0), we
conclude that go f : X — Z is continuous. O

Theorem 2.4. Let X and Y be two topological spaces, and f : X — Y be a continuous function. Let
A C X have the subspace topology. Then the restriction f|4 : A — Y is continuous.

Proof. Let O be an open set in Y, then f~1(0) is open in X, and (f|4)"1(0) = AN f~1(0) is open in the
subspace topology on A. Then f|4 is continuous. O

Remark. The function from X to X which sends each point z € X to itself is called the identity map,
denoted by Ix. If we restrict Ix to a subspace A of X, we obtain the inclusion map, denoted by ¢ : A — X.

Theorem 2.5. Let X and Y be two topological spaces. The following statements are equivalent:
(i) f: X — Y is continuous.
(ii) If A is a basis for the topology of Y, then the inverse image of every member of £ is open in X.
(iii) f(A) C f(A) for any subset A of X.
(iv) f~Y(B) c f~Y(B) for any subset B of Y.
)

(v) The inverse image of each closed set in Y is closed in X.

Proof. () = (i): By Defuiiion 2]

(i) = (111). Let A be a subset of X. Since f(A) C f(A), it suffices to show f(x) is a limit point of f(A) for
x € A\A such that f(z) ¢ f(A). If N is a neighborhood of f(x) in Y, then 3B € % such that f(z) € B C N,
and f~!(B) is an open neighborhood of . Since x is a limit point of A, f~1(B) contains at least one point in
A. As aresult B and N both contain at least on point in f(A), which concludes the proof.

(iii) = (iv): Let A= f~(B) in (iii).

(iv) = (v): Let B be a closed set in Y. Then B = B, and by (iv) f~Y(B) C f~%(B) C f~1(B) = f~1(B).
(v) = (i): Let O be an open set in Y. Then by (iv) f~3(Y\O) = X\ f~(O) is closed, and f~1(O) is open. O




Definition 2.6 (Homeomorphism). Let X and Y be two topological spaces. A homeomorphism is a function

h: X — Y that is continuous, bijective and that has continuous inverse.

Remark. In [Definition 2.6] the condition of continuous inverse is required. Consider function f : [0,1) —

{z € C:|z| =1}, = — €27 which is continuous and bijective. The inverse f~!: {z € C : |2] = 1} —

0,1),z — == arg z is not continuous. For example, it maps e?: 00,7} to [0,1/2), the inverse image of
2

an open set is not open!

2.2 Metric Spaces and Tietze Extension Theorem

Definition 2.7 (Metric, metric spaces and metric topology). Let X be a nonempty set. A metric on X is a
function d : X x X — R such that for all x,y, 2z € X the following conditions are satisfied:
(i) d(z,y) > 0, and d(z,y) = 0 holds if and only if x = y;
(ii) d(z,y) = d(y,=); (iii) d(, 2) + d(z,y) = d(z,y).

A set X together with a metric d is called a metric space, denoted by (X, d). Without ambiguity, we drop
d and say X is a metric space.

Given a metric d on a set X, we let O(z,€) := {y : d(z,y) < €} the open ball centered at x of radius € > 0.
Then a topology can be induced as follows: a subset U of X is open, if for each = € U, there exists € > 0 such
that O(z, €) is contained in U. This topology satisfies the axioms in It is also referred to as the

metric topology.

Remark. We can check that is consistent with the definition of continuity in metric spaces,
which is characterized by e-§ the condition: given any x € X and any € > 0, there exists § > 0 such that
dx(z,2") < ¢ implies dy (f(x), f(2')) <.

Let (X,dx) and (Y,dy) be two metric spaces, and f : X — Y be a function. Suppose the e-§ condition
holds, and let U be an open set in Y. Then for every x € f~}(U), we can find some ¢ > 0 such that
the open ball Oy (f(z),€) lies in U. Moreover, there exists § > 0 such that for all 2’ € Ox(x,d) we have
f(a') € Oy (f(z),€e) C U. Hence O(x,8) C f~1(U). Hence f~1(U) is open.

Conversely, suppose f is continuous. Then for any € > 0 and x € X, f~1 (Oy(f(2),€)) must be an open
neighborhood of z in X. As a result, there exists 6 > 0 such that Ox(z,d) C {2’ € X : dy (f(z), f(2')) < €}.

Lemma 2.8. Let A be a subset in a metric space (X, d). For a point € X, define its distance to set A as
d(z, A) = inf,c 4 d(x,y). Then the function = — d(x, A) is continuous on X.

Proof. Let x € X and let N be a neighborhood of d(z, A) on the real line. Choose a small ¢ > 0 such that
(d(z,A) —€,d(x,A) + €) C N, and a € A such that d(x,a) < d(z,A) + ¢/2. For z € O(x,¢/2), we have

d(z,A) <d(z,a) <d(z,z) +d(z,a) < d(z,A) +e.

Similarly, we have d(z, A) < d(z, A) + €. Hence O(z, €/2) is mapped inside (d(z, A) —€,d(z, A) +€) C N, and
the inverse image of N is a neighborhood of N. Following completes the proof. O

Lemma 2.9. Following d(z, A) = 0 if and only if z € A.

Proof. For the “if” statement, it suffices to show the case x € A\ A, which implies that x is a limit point of A,
and O(z,e) N A # 0 for all € > 0. Hence 0 < d(z, A) = infyc 4 d(z,y) < € for all € > 0, and d(z, A) = 0.

For the “only if” statement, suppose x is neither a point nor a limit point of A. Then there exists € > 0
such that O(z,e) N A = (). As a result, d(z, A) > € > 0. Hence d(z, A) = 0 only if 2 € A. O



Corollary 2.10. Following d(z,A) = d(z, A) for all z € X.

Proof. Fix x € X. Since A C A, it suffices to show d(x, A) < d(x, A). For all z € A, by we have
d(z,A) <d(z,z) +d(z,A) = d(x, z), which completes the proof. O

Lemma 2.11 Let A and B be two disjoint closed subsets in a metric space (X,d). Then there exists a
continuous R-valued function on X such that f(A4) = {1}, f(B) = {1} and f(X\(AUB)) = (-1,1).

Proof. Since A and B are closed and disjoint, implies that d(z, A) + d(x, B) > 0 for all € X.
Hence we can define

_ d(l‘,A) 7d(xaB)
1@ =g D rdmn) “ €

which takes on the required values. Moreover, the continuity of f follows from O

Let A be a subspace of topological space X. Given a continuous function f : A — R, we are interested if
we are able to extend f to the whole space X without damage its continuity. More explicitly, we want to find

a continuous R-valued function on X such that its restriction on A is f.

Theorem 2.12 (Tietze extension theorem). Any real-valued continuous function defined on a closed subset

of a metric space can be extended over the whole space.

We left the proof of [Theorem 2.12| to [Theorem 5.16] To prove this conclusion in the metric space case, we
can apply instead of the Urysohn lemma. The proof also uses the Weierstrass M-test, which is
introduced in [Theorem 2.20]

2.3 Convergence and Uniform Convergence

Definition 2.13 (Metrizable spaces). Let X be a topological space. Then X is said to be metrizable if
there exists a metric d on X that induces the topology of X. Under this definition, a metric space (X, d) is a
metrizable space X together with a specific metric d that gives the topology of X.

Remark. Without ambiguity, we share the terms “metric space” and “metrizable space” in later sections.

Definition 2.14 (Boundedness). Let (X, d) be a metric space. A subset A of X is said to be bounded if
there exists M > 0 such that d(z,z’) > 0 for every pair x, 2’ of points of A. If A is bounded and nonempty,
then the diameter of A is defined as D4 = sup,, ;¢ 4 d(z,2').

Remark. Boundedness of a set is not a topological property, for it depends on the metric d defined on X.
In fact, we can find for every metric space (X,d) a metric d which induces the same topology on X and is

bounded.

Theorem 2.15 (Standard bounded metric). Let (X, d) be a metric space. Define d : X x X — R by the
equation

d(z,2") = min{d(z,2'),1}, Vo,2’ € X.

Then d is a metric that induces the same topology as d.
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Proof. Tt is easy to verify that d is a valid metric which satisfies the three conditions in [Definition 2.7, To
check the third condition, note that

d(z,y) + d(y, z) = min{d(x,y),1} + min{d(y, 2), 1} = min{d(x,y) + d(y, 2),1 + d(z,y),1 + d(y, 2),2}
> min{d(z,y) +d(y, 2), 1} > d(z, 2).

For both d and d, note that the collection of open balls {O(x,¢),7 € X,e < 1} forms a basis for any metric
topology. Then the topologies induced by d and d share the same basis. O

Now we introduce the convergence of point sequences in a topological space.

Definition 2.16 (Convergent sequences). Let X be a topological space, and let (x,,) be a sequence of points
of X. We say that the sequence (z,) converges to the point xg € X, if for any neighborhood U of z, there
exists N such that x,, € U for all n > N.

Let A C X. If there is a sequence of points of A that converges to x € X, then by definition z € A.
Moreover, the converse holds for any metrizable X: for any € A, we can construct a sequence (z,,) of points
of A by choosing z,, € O(z,n"1) N A.

Theorem 2.17. Let X and Y be topological spaces; let f: X — Y.
(i) If f is continuous, then for every convergent sequence z,, — = in X, {f(x,)} converges to f(x).

(ii) If X is metrizable and f(z,) — f(z) for every convergent sequence x,, — x in X, then f is continuous.

Proof. (i) For any neighborhood U of f(x) in Y, f~*(U) is a neighborhood of « in X by continuity of f. Then
IN such that x, € f~1(U) for all n > N, consequently f(z,) € U.

(ii) Let A C X, where X is metrizable. Then for any z € A, there exists a convergent sequence z,, — .
By our assumption, f(z,) — f(z) € f(A). Hence f(A) C f(A), and f is continuous by [Theorem 2.5 (iii)l [

Definition 2.18 (Uniform convergence). Let f, : X — Y be a sequence of functions from a topological
space X to a metric space Y. We say that the sequence {f,} converges uniformly to the function f: X — Y
if for any € > 0, there exists N such that dy (f,(z), f(x)) < efor alln > N and all z € X.

Remark. The condition for uniform convergence can be rewritten as

sup dy (fn(z), f(x)) <€, ¥n > N.
reX

We use the notation f, = f to stand for uniform convergence.
Theorem 2.19 (Uniform limit theorem). Let f, : X — Y be a sequence of continuous functions from a
topological space X to a metric space Y. If {f,,} converges uniformly to f, then f is continuous.

Proof. Let V be open in Y, and let zg € f~!(V). We want to find a neighborhood U of 2o in X such that
U C f~Y(V). We choose ¢ > 0 such that the open ball O(f(x¢),¢) lies in V. Then we can use the uniform
convergence to choose N such that dy (f,(z), f(z)) < e/3 for all n > N and all z € X.

Now we fix n > N. Since f,, is continuous, we can choose U = f,;1(O(f,(z0),€/3)), which is a neighborhood

of zg in X. Then for any x € U, we have

dy (f(z), f(z0)) < dy (f(2), fn(@)) + dy (fn(2), f(20)) + dy (fn(z0), f(z0)) <€

Hence U C O(f(xq),€) C V, completing the proof. O
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Theorem 2.20 (Weierstrass M-test). Let X be a topological space and f, : X — R be a sequence of
functions. Define

Sn(@) = fi(x).

Weierstrass M-test for uniform convergence: If |f;(z)| < M; for all z € X and all j € N, and if the series
>0 | M, converges, then the sequence {S,} converges uniformly to a function S.
Proof. Let r, = Y°7° . Mj, which converges to 0 as n — oo. Fix z € X. For n > m, we have

Su@) = Su@)| < 3 K@< S My <r

j=m+1 j=m+1

Hence {S,(z)} is a Cauchy sequence, which must converge to some S(z) € R. Thus we obtain a function
S : X — R of pointwise convergence. It remains to show the uniform convergence. To show this, let n — oo

in the equation above:
|S(z) — S (z)| < 7y YV € X

Then we conclude the proof. O
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3 Connectedness

3.1 Connected Spaces

Definition 3.1 (Connected space). A topological space X is connected if it cannot be decomposed as the
union of two disjoint nonempty open sets.
By saying a subset Y of X is connected, we mean that Y is connected in its subspace topology.

Proposition 3.2 (Alternative definition of connectedness). The following statements are equivalent:
(i) X is a connected space.
(i) Any decomposition X = AU B of nonempty subsets of X satisfies AN B # () or AN B # .
(iii) X cannot be decomposed as the union of two disjoint nonempty closed sets.
(iv) The only sets that are both open and closed in X are () and X itself.
)

(v) There exists no onto continuous function from X to a discrete space that contains more than one points.

Proof. (i) = (ii): Assume there exist nonempty subsets A and B of X such that X = AU B, AN B =) and
ANB=1. Then X = AUB C AUB = X, hence B = X\A is open in X. Similarly A is open in X. Hence
X is the union of two disjoint nonempty open sets A and B, a contradiction!

(ii) = (iii): Assume there exist two nonempty closed sets A and B such that ANB ={, AUB = X, then
A= A and B = B, which contradicts (ii).

(i) = (iv): If there exists a both open and closed subset A in X such that A # X and A # 0, then
X = AU (X\A) is a decomposition of two disjoint nonempty closed sets.

(iv) = (i): If X = AU B is a decomposition of two disjoint nonempty open sets, then A must be a both
open and closed in X such that A # 0 and A # X.

(i) = (v): Let Y be a discrete space with more than one point and f : X — Y an onto continuous function.
Break up Y as a union U UV of two disjoint nonempty open sets. Then X = (f~1U) U (f~1V).

(v) = (ii): Assume there exist two nonempty sets A and B such that AN B =0, AUB = X, then both
A= X\B and B = X\A are open. Define f =14 —1p: X — {—1,1}, then f is continuous and onto. O

Theorem 3.3 (Connectedness of the real line). The real line R is a connected space.

Proof. We argue that R by checking the condition (ii) in [Proposition 3.2 Let R = AU B be a partition of
R, i.e. A and B are nonempty, and AN B = (. Choose a € A,b € B, and without loss of generality suppose

a <b. Then {z € A: z < b} is nonempty. Let s = sup{x € A: x < b}. By the very definition of supremum,
we have s € A. If s ¢ B, then s € R\B = A, and s < b. Moreover, (s, b] lies in B, then s is a limit point of B,
showing s € B. Therefore s lies either in AU B or in AU B. O

Theorem 3.4. (Connected subsets of the real line). A nonempty subset of R is connected if and only if it

is an interval. (Note that any single point a € R is also an interval [a, a].)

Proof. Akin to the proof of we can show that any interval is connected. If a nonempty set A
is not an interval, then we can find a < p < b such that p ¢ A and a,b € A. Let B={x € A: z < p},
then both B and A\B are nonempty. Since p ¢ A, we have B € (—oo,p) and A\B € (p,o0). Hence

BU(A\B) = BU (A\B) = 0, showing A is not connected. O
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Theorem 3.5 (Connected dense set). Let X be a topological space and let Y be a subspace of X. If Y is

connected, and if Y is dense in X, then X is connected.

Proof. Let A be a nonempty subset of X which is both open and closed. Since Y is dense in X, Y intersects
every nonempty open subset of X, ANY is nonempty. Note that ANY is both open and closed in Y, and Y
is connected, we have ANY =Y, ie., Y C A. Therefore X =Y ¢ A=A C X, meaning A = X. O

Corollary 3.6. Let X be a topological space and let Y be a connected subspace of X. If Y C Z C Y, then
Z is connected. Particularly, the closure Y of a connected subspace Y is connected.

Proof. By [Proposition 1.26 (i)} Y is dense in Z. Applying [Theorem 3.5| yields the wanted result. O

Lemma 3.7. If topological space X = AU B, where A and B are disjoint open sets, and if Y is a connected
subspace of X, then Y lies entirely within either A or B.

Proof. We observe that both ANY and BNY are open sets in Y, and they forms a partition of Y. Since Y

is connected, at least one of them should be empty. O

Theorem 3.8 (Union of connected subspaces). Let 2" = {X,,a € J} be a collection of connected subspaces
of X such that (,c; Xo # 0. Then (J,; Xo is connected.

Proof. Let p € Nyey Xa, and Y :=J,c; Xoa = AU B, where A and B are disjoint open sets in Y. Then p is

in one of A and B. Without loss of generality, let p € A. For each « € J, X, 2 p € A. Since X, is connected,
by [Cemma 3.7, X, C A. Hence A=Y and B = . O

Now we introduce the concepts of set product and box topology. Let 2" = {X,,a € J} be a collection
acy Xa, is defined to be the
set of all J-tuples (z4)aes such that z, € X, for each a € J. Equivalently, it is the set of all functions
x:J = U,e; Xo such that x(a) € X, for each o € J.

of indexed sets. The cartesian product of this indexed collection, denoted by []

acJ

Definition 3.9 (Box topology on a product). We take as a basis for a topology on the product [],c; Xa
the collection of the sets of the form []
by this basis is called the boz topology.

acy Oa, with O, open in X, for each o € J. The topology generated

Remark. To check the basis we choose is valid, we use The first condition is satisfied because
[Iocs Xo is itself a basis element. The second condition is satisfied because the intersection of any two basis
elements is another basis element:

(H Ua> N (H Ya> [[WanVa).

acJ acJ acJ
Theorem 3.10. The cartesian product of finitely many connected spaces is connected.

Proof. Tt suffices to show that the cartesian product of two connected spaces is connected. Let X and Y

be two connected topological space. For each z € X, {z} x Y, being homeomorphic to Y, is connected (we

will interpret this in [Corollary 3.15). Similarly, X x {y} is connected for each y € Y. By [Theorem 3.8| the

cross-shaped set Cy ,, == ({z} x Y)U(X x {y}) is connected. Fix (zo,y0) € X xY. Then X xY = {J, ¢y Cuo,y;
and (zo,Y0) € () ey Cuo,y- Again by [Theorem 3.8} the product space X x Y is connected. O
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3.2 Path-connected Spaces

Definition 3.11 (Path-connected space). A topological space X is path-connected if for each a,b € X, there
exists a path in X from a to b, that is, a continuous function f : [0,1] = X with f(0) = a and f(1) =b.

Lemma 3.12. A path-connected space is connected.

Proof. Let X be a path-connected space. If X is not connected, there exists a partition X = AU B such that
A and B are disjoint nonempty open sets in X. Choose a € A,b € B, then there exists a continuous function
f:[0,1] = X such that f(0) =a and f(1) =b. Then f~!(A) and f~!(B) are nonempty disjoint open sets in

[0,1] whose unions are [0, 1], contradicting the connectedness of [0, 1]. O

Remark. A connected space is not necessarily path-connected. We will give a counterexample afterwards.

establishes a relation between connected sets and path-connected sets in Euclidean spaces.

Theorem 3.13. Any connected open set in a euclidean space is path-connected.

Proof. Consider euclidean space R™. Let X be a connected open set in R” and fix x € X. Let U(z) be the set
of all points in X that can be joined to = by a path in X. By construction, U(x) is path-connected. It suffices
to show U(z) = X. Let y € U(x) and choose an open ball O(y, €) that lies entirely in X. Then we can join z
to z whenever z € O(y, €). Hence O(y,€) C U(z), and U(z) is open in X. Also, X\U(2) = U e x\v @) U(y) as
the union of a collection of open sets is open, then U(z) is closed. Recall that X is connected, U(z) = X. O

Theorem 3.14 (The continuous image of connected/path-connected sets). Let function f : X — Y be

continuous and onto. (i) If X is connected, so is Y; (ii) If X is path-connected, so is Y.

Proof. (i) Let Y = AU B, where A and B are disjoint open set in Y. Then X = f~1(A) U f~(B), with
f~1(A) and f~1(B) being disjoint and open in X. Since X is connected, one of f~!(A) and f~!(B) is empty.
f is onto, hence one of A and B is empty.

(ii) For each a,b € Y, choose u € f~'({a}) and v € f~!'({b}), whose nonemptiness is ensured by the
surjectivity of f. Since X is path-connected, we can find a path g in X from u to v. Since the composition

preserves continuity, f o g is a path in Y from a to b. O

Theorem 3.14] immediately implies the following conclusion.

Corollary 3.15. If h: X — Y is a homeomorphism, then X is connected (path-connected) if and only if YV
is connected (path-connected). In other words, connectedness (path-connectedness) is a topological property.

3.3 Local Connectedness and Local Path-connectedness

Definition 3.16 (Locally connected sets and locally path-connected sets). A topological space X is said to
be locally connected at x if for every neighborhood U of z, there is a connected neighborhood V' of x contained
in U. If X is locally connected at each of its points, it is said simply to be locally connected.

Similarly, a topological space X is said to be locally path-connected at x if for every neighborhood U of z,
there is a path-connected neighborhood V' of x contained in U. If X is locally path-connected at each of its

points, then it is said to be locally path-connected.

To characterize local connectedness and local path-connectedness, we need to introduce the concepts of

components and path components.
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Definition 3.17 (Components and path components). Let X be a topological space, and define an equiv-
alence relation on X by letting x ~ y if there is a connected subspace of X containing both = and y. The
equivalence classes are called the (connected) components of X.

Define another equivalence relation on X by letting x ~ y if there is a path in X joining z and y. The

equivalence classes are called the path components of X.

Remark. We need to verify the validity of the equivalence relations we define. For the first statement, the
symmetry and reflexivity is clear, and the transitivity follows from

For the second statement, the symmetry holds because when f : [0,1] — X is a path from x to y then
g:t— f(1—1t)is a path from y to z, and the reflexivity follows from the continuity of constant functions.
For the transitivity, suppose f : [0,1] — X is a path from « to y, and g : [0,1] — X a path from y to z. Then
we can construct a path from z to z by h: ¢t f(2t)x[0,1/2(t) + g(2t — 1)x(1/2,1)(t)-

Theorem 3.18 (Component decomposition). The components of X are disjoint connected subspaces of X
whose union is X, and each nonempty connected subspace of X lies in one of them.
The path-components of X are disjoint path-connected subspaces of X whose union is X, and each

nonempty path-connected subspace of X lies in one of them.

Proof. We first prove the first statement. Being equivalence classes, the components of X are disjoint and their
union is X. For each connected subspace A of X, if there exists pi,ps € A such that p; € Cy and py € O,
where both Cy and Cy are components of X, then C; = Cs because p; ~ ps. Hence A intersects with only
one component of X, and it must lie entirely in that component.

It remains to show that each component C' is connected. To argue this, choose zy € C, for each x € C,
x ~ xg, and there exists a connected subspace containing xg and z. By the result just proved, A, C C, and
C = U ec Az is connected by

For the second statements, we make a slight modification on[Theorem 3.8} for a collection of path-connected
subspaces {X,, o0 € J} in X, if Ip € e,
Uacs Xao that meets p. O

X, then we can construct a path between any two points in

Remark. By|Theorem 3.18) we can set that the components (path-components) are the collection of maximal

connected (path-connected) subspaces of a topological space.

Theorem 3.19. A topological space X is locally connected if and only if for every open set U of X, each
component of U is open in X. Similarly, X is locally path-connected if and only if for every open set U of X,

each path component of U is open in X.

Proof. We only prove the first statement, since the proof of the second is parallel. Suppose X is locally
connected and U is an open set in X. If C is a component of U and x € C, then we can choose some V C U
such that V is a connected neighborhood of z. By V c C, and C is open in X.

Conversely, given 2z € X and a neighborhood U of x (without loss of generality suppose it is open), let C
be the component of U that contains z. Then C' is a connected neighborhood of x if C' is open. Since C' C U,
X is locally connected at x. O

Theorem 3.20. Let X be a topological space. Then every path component of X lies in a component of X.

If X is locally path-connected, then the components and the path components of X are the same.

Proof. Let C be a component of X and z € C. Suppose P is the path component containing x. Since P is
connected, P C C. It remains to show P = C if X is locally path-connected.
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Assume P C C. Denote by @ the union of all the path components of X that is different from P and
meets C. Then C = PUQ. By each path component of X is open in X. Then P and Q are

disjoint nonempty open sets whose union is C, contradicting the connectedness of C. O

The following statements immediately follows from
Corollary 3.21. If a topological space X is connected and locally path-connected, then X is path-connected.

Remark. As an end of this section, let’s see an example of connected space that is not path-connected.
Consider the following closed set in euclidean space R?:

A= {(m,y) ERQ:y:sinl,x>0}
T

The line segment L = {(0,y) : —1 <y < 1} lies in A.

Consider the function f : R — R?,z + (z,sin 1), which is continuous. Then f((0,00)) as the image of a
connected set (0,00) is connected, and A = m as the closure is also connected.

Let f:[0,1] — X be a path starting at a point in L. Then f~1(L) is closed since f is continuous. If we
can show f~!(L) is open, then f~1(L) = [0, 1] because [0, 1] is connected and f~*(L) is nonempty. Hence
f([0,1]) € L, and there is no path joining a point in A to a point in B.

Fix t € f~(L), and choose an open ball U = O(f(t),¢) in R%2. Then U N A has infinitely many path
components including U N L. Since f is continuous, f~1(U) > ¢ is an open set in [0, 1]. Then there exists an
interval I C f~1(U) such that I is open in [0,1] and I > ¢. Note that I is path-connected, then f(I), being
path-connected, lies in U N L by Therefore I C f~1(L), and t is an interior point of f~1(L).
Since t is arbitrarily chosen, f~!(L) is an open set in [0, 1], which concludes our proof.

NEASEN
W\
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4 Compactness

4.1 Compact Sets

Definition 4.1 (Cover). A collection &7 = {A,,«a € J} of subsets of a topological space X is said to be a
cover of X (or briefly, a cover), if X =,
in X. A subcollection of a cover &/ whose union is equal to X is called a subcover.

A,. It is called an open cover of X if its elements are open sets

Definition 4.2 (Compact sets). Let X be a topological space. X is said to be compact, if every open cover

of X has a finite subcover.

Remark. IfY is a subspace of X, a collection o7 = {A,,a € J} of (open) subsets of X is said to be a cover
(an open cover) of Y if the union of its elements contains Y. By definition, we can verify that a subspace Y’

of X is compact if and only if every open cover of Y contains a finite subcover of Y.

Lemma 4.3. Every closed subspace of a compact space is compact.

Proof. Let X be a compact space and let K be a closed subspace of X. Then for every open cover & of K,
then # = o/ U{X\K} forms an open cover of X. By the very definition of compactness, % contains a finite
subcover &’ of X. Since X\K does not intersect K, we can remove X \K from %’ if required, resulting in a
finite subcover &’ C & of K. O

Theorem 4.4 (Continuity and compactness). The continuous image of a compact space is compact.

Proof. Let X be a compact space and let f: X — Y be a continuous function. Let &7 be an open cover of
f(X) in Y. By continuity, {f~1(A4) : A € &/} is an open cover of X, from which we can find finite many
f1H(AL), -, fY(Ay) that cover X. Then Ay, -+, A, € o form a finite subcover of f(X). O

Now we investigate the compactness of products of compact sets.

Lemma 4.5 (Tubelemma). Let X and Y be two topological spaces, and let Y be compact. For every z € X,
if an open set O in X X Y contains {} x Y, then there exists a neighborhood U, of  such that U, x Y C O.

Proof. Fix x € X, and let O be an open set in X X Y containing slice {z} x Y. By the property of box
topology, we can cover {z} x Y by an collection of basis elements in form of U x V lying in O. Note that the

space {x} X Y is compact (because Y is compact, and {x} itself is open in the subspace topology), we can

cover it with finitely many basis sets Uy x Vy,--- , U, X V.
Let U, = ﬂ;-lzl Uj, then U, is an open neighborhood of x in X. Then for each (2/,y’) € U, x Y, ¢ must
lie in some Vj}, and 2’ lies in U, C U;. Hence (2,y’) € O, as desired. O

Theorem 4.6 (Product of compact spaces). The product of finitely many compact spaces is compact.

Proof. 1t suffices to show the product of two compact spaces X and Y is compact. Let &/ be an open cover
of X x Y. Then for each x € X, the slice {x} x Y is compact, and there exist finitely many Af,---, A} € o/
with U;-lil A? D {z} x Y. By |[Lemma 4.5 there exists an open neighborhood U, of x such that U, x Y is
covered by finitely many elements of 7. Noticing that {U,,x € X} is an open cover of compact space X,
there exists finitely many U, x Y that covers X x Y, with each U, x Y covered by finitely many elements of
/. Then X x Y is covered by finitely many elements of <. O
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Lemma 4.7 (Projection). For two topological spaces X and Y, define 7y : X x Y — X, (z,y) — =.
(i) 71 is an open map, that is, it carries open sets to open sets.

(ii) If Y is compact, then 7 is a closed map, that is, it carries closed sets to closed sets.

Proof. (i) Let O be an open set in X x Y. Then for any z € m1(0), we can find some (z,y) € O. By the
property of box topology, we can find a basis set U X V such that (z,y) € U x V C O, where U and V are
open sets in X and Y, respectively. As a result, x € U C m1(O).

(ii) Let C be a closed sets in X x Y, where Y is compact. We are about to show X\m;(C) is open.
Take x ¢ 71(C). The slice {x} x Y is disjoint from C. Since Y is compact, by there exists a
neighborhood U, 3 x such that U, x Y C (X x Y)\C. Therefore U, is a neighborhood of = which is disjoint
from 1 (C), completing the proof. O

Now we investigate the compact sets in euclidean spaces.

Theorem 4.8. A closed interval [a, b] is compact.

Proof. The case a = b is trivial, so we may assume a < b.

Step I: Let <7 be an open cover of [a,b]. We first prove that if « € [a,b]\{b}, then Jy > x of [a, b] such that
[,y] can be covered by at finitely many elements of o/. Choose A € o such that A > z. Since z # b and A
is open, A contains an interval of the form [a, ¢) for some ¢ € [a,b]. Choose y € (z,¢), then [z, y] is covered by
a single element of .

Step II: Let C be the set of all points y > a of [a, b] such that [a, y] can be covered by finitely many elements
of &. By our conclusion in Step I, C is nonempty. Let ¢ be the least upper bound of C, then a < ¢ < b.
We show that ¢ € C. Choose B € & such that B 5 ¢. B is open, so it contains an interval of the form (d, |
for some d € [a,b]. If ¢ ¢ C, then there exists z € C lying in (d, ¢), otherwise d would be an upper bound of
C smaller than c. Since z € C, [a, 2] is able to be covered by finitely many elements of <7, so is [a, z] U [z, ¢],
contradicting ¢ ¢ C!

Step I1I: Tt remains to show ¢ = b, which completes our proof. Assume ¢ < b, then applying Step I can we
find some y > ¢ in [a, b] such that [c,y] is covered by finitely many elements of <. So is [a,y] = [a, ] U [c, y].

However this means C' 3 y > ¢, another contradiction! O

Theorem 4.9 (Heine-Borel). A subspace of an euclidean space R™ is compact if and only if it is closed and
bounded.

Proof. “If” part: Provided K is bounded in R™, we can find a cell [—b,b]"™ D K, which is compact by Theorems
and By if K is closed, then it is compact.

“Only if” part: Suppose K is compact. The collection of centered open balls {O(0,n),n =1,2,---} is a
cover of R™, so there exist finitely many balls that cover K. Then K must be contained in an open ball of
finite radius, and it suffices to show that K is closed.

Argue by contraction. Assume z is a limit point of K that is not contained in K. Then we can construct
an open cover {R\W, n=12--- } of K. Since z is a limit point, any O(x,n~!) contains at least one

point in K, and we cannot find a finite subcover of K from our construction. O

Theorem 4.10 (Extreme value theorem). Let X — R be a continuous function. If X is compact, then there
exists points a,b € X such that f(a) < f(x) < f(b) for every z € X.

Proof. By the continuity of f, the image f(X) is compact in R. Then it suffices to show that f(X) has a largest
element M and a smallest element m. Argue by contradiction. Suppose f(X) has no largest element. Then
{(=00,a) : a € f(X)} is an open cover of f(X) because for every x € X there exists a > = in X. However,
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every finite subcollection {(—o0,a;) : j =1,---,n} does not cover X because there exists b > max;j—1... ,, a;

in X, contradicting the compactness of f(X). Similarly we can prove that f(X) has a smallest element. [J

Now we introduce the concept of uniform continuity.

Definition 4.11 (Uniform continuity). Let (X, dx) and (Y, dy) be two metric spaces. A function f : X - Y
is said to be uniformly continuous, if given any ¢ > 0, 36 > 0 such that for every z,2’ € X, dx(z,2’') < ¢
implies dy (f(z), f(z')) <.

By definition, a uniformly continuous function must be continuous, but the converse is not true: in the defi-
nition of uniformly continuity, the choice of § only depends on € but not on location z. The following
tells us in what case does a continuous function become uniformly continuous. We first introduce a techni-
cal lemma. Recall that for a bounded subset B of a metric space (X, d), we denote by Dp = sup, ,/cp d(z,z’)
the diameter of B.

Lemma 4.12 (Lebesgue number lemma). Let <7 be an open cover of a compact metric space (X,d). Then
there exists a § > 0 such that for each subset of X having diameter less than §, there exists an element of &/

that contains it. The number § is called a Lebesgue number for the cover o7 .

Proof. If X € o7, then any positive number is a Lebesgue number of «7. So we assume X ¢ /. By compactness
of X, there exist finite many A, -- , A,, € &/ whose union contains X, and we set C; = X\A; for j=1,--- ,n.
Define f : X — R,z + 7, d(x,C;), which is a continuous function by [Lemma 2.8 By [Theorem 4.10} there
exists g € X such that f(z) > f(zo) := ¢ for all z € X. Since Ay, -+, A, is an open cover of X, there exists
€ > 0 such that the open ball O(x, ¢) lies in some A;. Then d(x¢,C;) > €, and § = f(z) > €¢/n > 0.

Now we prove § is a Lebesgue number of &7. Let B be a subset of X of diameter less than §. Choose
any b € B, then O(b,6) D B. Let m € argmax;cq ... ,3d(b, Cj), then § < f(b) < d(b,Cp,). Consequently,
B c O(b,9) c X\Cy, = Ay, completing the proof. O

Theorem 4.13 (Uniform continuity theorem). Let f : X — Y be a continuous function on a compact metric

space (X, dx) to a metric space (Y, dy). Then f is uniformly continuous.

Proof. By the continuity of f, the image f(X) is compact in Y. Fix e > 0, then the collection of open balls
{Oy(y,€/2) : y € f(X)} covers f(X), and there exist finite many open balls Oy (y1,€/2),- -, Oy (yn,€/2) that
cover f(X). Take & to be a Lebesgue number of {U; := f~'Oy(y;,€/2),j = 1,--- ,n}, which is an open cover
of X. Then for any dx(z,2’) < ¢, {z,2'} as a point set of diameter less than § must lie in some U;, and
dy (f(z), f(2) < dv(f(2),y;) + dy(y;, f(2')) < €, completing the proof. O

Theorem 4.14 (Closed set criterion for compactness). Let X be a topological space. Then X is compact if
and only if for every collection & of closed sets in X having the finite intersection property, that is, for every
finite subcollection {C1, -+ ,Cy} of €, their intersection (;_; C; is nonempty, the intersection (,cq C of all
elements of € is nonempty.

Proof. Given a collection & of subsets of X, let € = {X\A: A € &/} be the collection of their complements.
Then the following statements hold:
(i) & is a collection of open sets in X if and only if € is a collection of closed sets.
(ii) < covers X if and only if (o C is empty.
(i) A finite subcollection {Ay,--, A, } C & covers X if and only if the intersection of the finite subcollection
{C;=X\A;:j=1,---,n} C % is empty.

Then we can derive three equivalent characterizations of compactness:
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e Given any collection &7 of open sets in X, if &/ covers X, then there exists a finite subcollection of &
that covers X.

e Given any collection 7 of open sets in X, if no finite subcollection of &7 covers X, then &/ does not
cover X.

e Given any collection & of closed sets in X, if every finite subcollection of € has nonempty intersection,
then Ny C is nonempty.

The last statement is the condition of our theorem. O

The following corollary immediately follows from [Theorem 4.14]

Corollary 4.15 For a nested sequence C1 D Cy D --- D Cp, D Cpy1 DO -+ of nonempty closed sets in a
compact space X, the intersection ﬂzo:l C,, is nonempty.

4.2 Hausdorff Spaces

Motivation. One’s experience with open and closed sets and limit points in euclidean spaces can be mis-
leading when considering general topological space. For example, in an euclidean space, every single point set
{zo} is closed because for every x # xg we can find one of its neighborhood O(z, €) not containing xy when e
is sufficiently small. However, this property does not hold for arbitrary topological spaces.

We can also consider the properties of convergent sequences. In a topological space X, a sequence {z,}5 4
of points is said to converge to a point zy € X if for every neighborhood N of x, there exists a positive integer
N such that z,, € N for all n > N. It is clear that z¢ is a limit point of any set that contains {z,}>2;. In
euclidean spaces a convergent sequence never converges to more than one point.

On a three-point set {a, b, c}, consider the topology ™ = {0, {b}, {a,b},{b,c},{a,b,c}}. The one-point set
{b} is not closed, because its complement {a,c} is not open. Also, the sequence defined by {x,, = b,n =
1,2,- -} converges not only to b, but also to points a and ¢ since their neighborhoods always contain b.

In this section we consider a special class of topological spaces, which enjoys some nice properties.

Definition 4.16 (Hausdorff spaces/T5 spaces). A topological space X is called a Hausdorff space if for each
pair of distinct points x,y € X, there exists a neighborhood U of x and a neighborhood V' of y such that U

and V are disjoint.

Proposition 4.17 (Properties of Hausdorff spaces). Suppose X is a Hausdorff space.
(i) Every finite point set in X is closed;
(ii) A sequence of points of X converges to at most one point of X;
(iii) The product of Hausdorff spaces {X, }qcs is Hausdorff;
(iv) Any subspace of X is a Hausdorff space.

Proof. (i) Fix zp € X. For any = # x9 in X, we can find two disjoint neighborhoods U and V of z¢ and =z,
respectively. Since x ¢ U, = ¢ {xo}. Consequently, {zo} = {z0}.

(ii) Let (x,)52; be a sequence of points of X that converges to x € X. Then for any 2’ € X distinct from
x,let U 3 2 and V' 3 2’ be their disjoint neighborhoods. Then there exists infinite many elements of {x, }nen
that do not lies in V.

(iii) For any pair of distinct points x = (Za)acs and y = (Ya)acs in [[,c; Xao, There exists 3 € J with
x3 # yg. Then there exist disjoint neighborhoods U > xg and V' > yg in X3. As a result, ng(U) and 7T§1(V)

are disjoint neighborhoods of x and y, respectively, in [],.; Xa-
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(iv) Let A be a subspace of X. For each pair of distinct points x1,20 € A C X, there exist distinct
neighborhoods U 3 x; and V 3 x5 in X. Then U N A and V N A are disjoint neighborhoods of x; and o,
respectively, in the subspace topology. O

Now let’s investigate the compact sets in Hausdorff spaces.

Lemma 4.18. If K is a compact subspace of a Hausdorff space X, and g € X is not in K. Then there
exists disjoint open sets U and V' in X such that U 2 zg and V D K.

Proof. For each point y € K, we are able to choose two disjoint open neighborhoods U, > zp and V,, 3 y. The
collection {V,, : y € K} is an open cover of K, then there exist finitely many yi,--- ,y, € K such that the
V.= U_?:l Vy; O K. As aresult, U := ﬂ?:l Uy, is an open neighborhood of z that does not intersect K. [J

Theorem 4.19 (Compact sets in Hausdorff spaces). Every compact subspace of a Hausdorff space is closed.

Proof. Let K be a compact subspace of a Hausdorff space X. [Lemma 4.18[tells us X\ K is an open set, because
every 2o € X\K lies in the interior of X\ K. Thus we complete the proof. O

One important use of is as a tool for verifying that a function is a homeomorphism.

Theorem 4.20. Let f : X — Y be a bijective continuous function. If X is compact and Y is Hausdorff,

then f is a homeomorphism.

Proof. We show that images of closed sets of X under f are closed in Y, which implies the continuity of f~!.
This is clear: K is closed in X = K is compact = f(K) is compact = f(K) is closed in Y. O

Theorem 4.21 (Closed graph). Let f: X — Y, and define the graph of f as Gy = {(z, f(z)) : x € X}.
(i) If Gy is closed and Y is compact, then f is continuous.

(ii) If f is continuous and Y is Hausdorft, then Gy is closed.

Proof. (i) Let O be an open set in Y, we need to show f~!(0) is open in X. The intersection Gy NX x (Y\O)
is closed in X x Y. By |[Lemma 4.7| (i), the compactness of Y implies that 71 (Gy N X x (Y\O)) = f~(Y\O)
is closed in X. Then f~!(O) is open in X.

(i) For any (x,y) € (X x Y)\Gy, we have y # f(z). Since Y is Hausdorff, we can find two disjoint open
sets U > y and V > f(x). Then (x,y) € f~1(V) x U. Moreover, for any point (2, f(z)) € Gy, if it lies
in f~Y(V) x U, then 2z € f~1(V), however f(z) lies in V which is disjoint from U, a contradiction! Hence
/7H(V) x U is a neighborhood of (z,y) which is disjoint from G. O

Now we introduce the definition of isolated points in topological spaces.

Definition 4.22 (Isolated points). Let X be a topological space. An isolated point of X is a point x of X
such that the one-point set {x} is open in X.
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Theorem 4.23. Let X be a nonempty compact Hausdorff space. If X has no isolated point, then X is

uncountable.

Proof. Step I: We first show that for any nonempty open set U in X and any x € X, we can find a nonempty
open set V contained in U such that = ¢ V. By our assumption that X has no isolated points, we can always
find some y € U such that y # z. Since X is Hausdorff, we can find two disjoint open sets W, > y and W, > x.
Letting V' = W, N U yields the desired result.

Step II: Tt suffices to show that any function f: N — X is not surjective. Let x,, = f(n),n=1,2,--- . For
z1 € X, we can find a nonempty open set V; such that z; ¢ V1. Then we can iteratively find Vag1 C Vy, such
that @1 ¢ m for each n € N. Then we obtain a nested sequence V; D V5 O --- of nonempty closed sets
in X. By N,—, V,, is nonempty, that is, there exists z € (', V,, C X such that = ¢ {z,,}22,
which concludes the proof. [

The uncountability of real numbers immediately follows from

Corollary 4.24. Every closed interval in R is uncountable.

As supplementary, let’s discuss another class of spaces called T spaces. They are weaker than Hausdorff
spaces and less commonly used. The proof of [Lemma 4.26|can be adapted from [Proposition 4.17 (i)}

Definition 4.25 (T} spaces). A topological space X is called a T} space if for each pair of distinct points
x,y € X there exists a neighborhood U of z such that y ¢ U, and a neighborhood V of y such that z ¢ V.

Lemma 4.26. Let X be a T} space. Then every finite point set in X is closed.
Theorem 4.27. Let X be a T; space; let A be a subset of X. Then a point € X is a limit point of A if

and only if every neighborhood of z contains infinitely many points of A.

Proof. The sufficiency is clear, so we need to prove the necessity. We let x be a limit point of A, and choose

an arbitrary neighborhood N of  in X. If N contains only finitely many points aq,- - ,a, of A\{z}, then

U:=Nn(X\{a1, - ,a,}) is also a neighborhood of z, since {a1,--- ,a,} is closed by [Lemma 4.26] However,
U as a neighborhood of the limit point « should contains at least one point of A\{z}, a contradiction! O

Remark. By definition, a Hausdorff space must be a T} space. but not conversely. As a counterexample,
consider the finite complement topology on N: 7 = {U : U C N and N\U is finite} U {@}. This is a T} space,
because for any distinct m,n € N, we can choose neighborhoods N\{m} and N\{n} that separates m and n.

However, it is not Hausdorff because any two nonempty open sets are not disjoint!

4.3 Limit Point Compact, Countably Compact and Sequentially Compact Sets

In this section we introduce other formulations of compactness that are commonly used.

Definition 4.28 (Limit point compactness/Fréchet compactness/Bolzano-Weierstrass property). Let X be
a topological space. Then X is said to be limit point compact if every infinite subset of X has a limit point.
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Theorem 4.29 (Compactness implies limit point compactness). A compact space X is limit point compact.

Proof. Let X be a compact space. We prove the contrapositive: if a subset A of X has no limit point, then
A is finite. Suppose A has no limit point. Then A is closed because it contains all its limit points (which is
the empty set). Since X is compact, A is also compact. Furthermore, for each a € A we can choose an open
neighborhood U, of a such that U, N A = {a}. Then space A is covered by open sets {U,,a € A}, and we can
find a finite subcollection {U,,,- - ,U,, } that contains A. Hence A = {a1, -+ ,an}. O

Remark. Conversely, limit point compactness does not necessarily imply compactness. Consider A =
{a1,a2} with a topology {A,0}. Given N the discrete topology, the space X = N x A is limit point com-
pact, because every nonempty subset of X has a limit point. To see this, suppose (a1,n) lies in a set U C X,
then (ag,n) must be a limit point of U because any neighborhood of (az,n) contains (ai,n). However X is

not compact, since the open cover {{n} x A,n € N} has no finite subcover.

Definition 4.30 (Countable compactness). A space X is said to be countably compact if every countable

open cover of X contains a finite subcover of X.

Theorem 4.31. Let X be a topological space. (i) If X is countably compact, then it is limit point compact;

(ii) If X is a limit point compact T} space, then it is countably compact.

Proof. (i) Let A be an infinite subset of X that has no limit point. We can assume A to be countable because
if A has no limit point, so does its countable subsets. Since A has no limit points, A is closed. Moreover, for
each a € A we can find an open set U, in X with U,NA = {a}. Then X\ A and {U, : a € A} form a countable
open cover of X that has no finite subcover.

(ii) Argue by contradiction. Let {A,}22, be an countable open cover of X. If there exists no finite
subcover, then we choose z,, € X'\ U;.l:l Ay, for each n. Since X is limit point compact, B := {x,, : n € N} has
a limit point . Moreover, there exists at least one element A,, that contains z, and A,,, N B C {21, - ,Zm }-
However, A,, as a neighborhood of x contains only finite points of B, contradicting with O

Definition 4.32 (Sequential compactness). A topological space X is said to be sequentially compact if every

sequence of points of X has a convergent subsequence.

Lemma 4.33 (Lebesgue number lemma for sequentially compact metric space). Let o/ be an open cover of
a sequentially compact metric space (X, d). Then there exists a § > 0 such that for each subset of X having
diameter less than §, there exists an element of ./ that contains it.

Proof. Argue by contradiction. Let 7 be an open cover of X, we assume that there exists no § > 0 such that
each set of diameter less than § has an element of &/ containing it. Then for each n € N, there exists a set
C), of diameter less than 1/n that is not contained by any element of «/. Choose a point x,, € C,, for each n.
Since X is sequentially compact, there exists a subsequence {x,, }ren that converges to some zo, € X. Since
ZToo € A for some element A of &7, we can choose some € > 0 such that O(z~,€) C A. Then for a large enough
k such that 1/ny < €/2 and d(zp, , o) < €/2, Cpn, C O(xp,,€/2) C O(rs0,€) C A, a contradiction! O

Definition 4.34 (Totally bounded sets). A metric space (X, d) is said to be totally bounded, if for every

€ > 0, there exists a finite cover of X by open e-balls.
Remark. It is clear that a compact metric space is totally bounded, since we can find a finite subcover of the

open cover {O(z,€) : x € X} of X for any € > 0. Conversely, a totally bounded space is not always compact.

As a simple counterexample, consider the open interval (0,1).
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Lemma 4.35. A metrizable space X is totally bounded if it is sequentially compact.

Proof. Argue by contradiction. Suppose that Je > 0 such that X cannot be covered by finitely many open
e-balls. We construct a sequence {z,} as follows. Choose any x; € X, then O(z1,¢) € X. For any n > 1,
choose =, € X\ U;l;ll O(xzj,€). By construction, d(z,,z;) > € for j = 1,---,n — 1. Then {z,} does not

converge in X, contradicting the sequential compactness of X. O

Now we are prepared to introduce a profound conclusion of metric spaces.

Theorem 4.36 (Equivalence of four kinds of compactness in metric spaces). Let X be a metrizable space.
The following are equivalent: (i) X is compact; (ii) X is limit point compact; (iii) X is countably compact;

(iv) X is sequentially compact.

Proof. (i) = (ii): By [Theorem 4.29} (i) <> (iii): A metric space is T;. Apply [Theorem 4.3}

(ii) = (iv): Assume X is limit point compact, and let {z,,}22; be a sequence of points of X. Consider the
set A ={x, :n € N}. If A is finite, then we can choose infinitely many x,, that coincides with some z € A,
which form a convergent subsequence. On the other hand, if A is infinite, then A has a limit point x € X. We
can construct a convergent subsequence as follows. We first choose n; such that x,, lies in open ball O(z,1).
For every k > 2, we can also find Ny, such that z,, € O(x,1/k) for all n > Nj. If x,, _, is given, we can choose
ny > max{ny_1, Ny} so that z,, € O(x,1/k). Then {z,, }3>, converges to z € X.

(iv) = (i): Let & be an open cover of a sequentially compact metric space (X, d). By [Lemma 4.33] & has
a Lebesgue number 6 > 0. By we can cover X by finitely many open §/3-balls. Each of these
balls has diameter no greater than 26/3, hence lies in some elements of 7. By choosing this elements of .o/

we immediately obtain a finite subcover of X. O

4.4 Local Compactness and Compactification

Definition 4.37 (Locally compact spaces). A topological space X is said to be locally compact at x if there
is some compact subspace C' of X that contains a neighborhood of . If X is locally compact at each of its

points, X is said to be locally compact.

Example. (i) The euclidean space R™ is locally compact, because for any x € R™, we can always find a
compact closed cell [—b,b]™ containing a neighborhood of x, where b > ||x|| -

(ii) The rational numbers Q as a subspace of R is not locally compact. For any ¢ € @, choose an open
neighborhood N, := Q N O(q,¢€) of ¢g. Since N, is countable, denote by {gi, g2, -} its elements. Then
o ={0(qn,2 "€),n = 1,2,---} is an open cover of N,. However, any finite subcollection of o7, with total

length less than 2¢, does not cover IV,.

Theorem 4.38. Let X be a topological space. Then X is locally compact Hausdorff if and only if there
exists a space Y satisfying the following conditions:
(i) X is a subspace of Y;
(ii) Y\X consists of a single point;
(iii) Y is a compact Hausdorff space.
If Y and Y’ are two spaces satisfying these conditions, then there is a homeomorphism of Y with Y’ that

equals the identity map on X.

Proof. Step I: We first verify the uniqueness. Let Y and Y’ be two spaces satisfying (i)-(iii). Defineh: Y — Y’
by letting h map the single point p of Y\ X to the point ¢ of Y\ X, and let h equal the identity on X. We
show that if U is open in Y, then h(U) is open in Y’. Symmetry then implies that h is a homeomorphism.
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First, consider the case p ¢ U. Since U is open in Y and U C X, it is open in X. Noticing X = Y'\{q}
and Y’ is Hausdorff, X is open in 7”. Then h(U) = U is open in Y.

Second, let p € U. Since C = Y\U is closed in Y’ and Y is compact, C' is compact as a subspace of Y.
Since C C X, it is a compact subspace of X. Because X is a subspace of Y’, C is also compact in Y’. Since
Y’ is Hausdorff, C is closed in Y, and Y'\C = h(U) is open in Y”.

Step II: Now we suppose X is a locally compact Hausdorff space X and construct Y. Let us take some
object that is not a point of X, denoted by the symbol co for convenience, and adjoin it to X, forming the set
Y = X U{oo}. Inspired by Step I, we topologize Y by defining the collection of open sets of Y to consist of

(i) all sets U that are open in X, and
(ii) all sets of the form Y'\C, where C' is a compact subspace of X.

We first check that such collection is indeed a topology on Y.

e Clearly, § and Y are open sets of type (i) and (ii), respectively.

e For the intersection condition, let U; and Us be open sets of X, and let C; and Cy be compact sets in X.
Then Uy NUs is of type (i), (Y\C1)N(Y\C2) = Y\(C1UC5) is of type (ii), and UN(Y\C) = UN(X\C)
is of type (i) because X is Hausdorff.

e For the union condition, let {Uy} be a collection of open sets of X, and let {Cs} be a collection of
compact sets in X. Then |J, Us = U is of type (i), Ug(Y\Cs) = Y\(5Cs = Y\C is of type (ii), and
UU(Y\C)=Y\(C\U) is of type (ii) because C\U is a closed subset of compact set C.

Then we need to verify that X is a subspace of Y

e Given any open set in Y, its intersection with X is open in X. If the open set is of type (i), it is clearly
open in X. If it is of type (ii), then (Y\C) N X = X\C is open in Hausdorff space X.

e Conversely, given any open set in X, it is a type (i) open set in Y.

Now we show Y is compact. Let &/ be an open cover of Y, Then it must contain at least one open set
of type (ii), denoted by Y\C, to contain co. Taking all members in & but Y\C and intersect them with
X, we obtain a cover of X. Since C is a compact subspace of X, finitely many of them cover C. Then the
corresponding finite collection of elements of <7 along with Y'\C form a cover of Y.

It remains to show Y is Hausdorff. Let  and y be two elements of Y:

e Both z and y lies in X, which is a clear case since X is Hausdorff.

e Assume y = co. By the local compactness of X, we can choose a compact set C' in X that contains a

neighborhood U of x, then U and Y\C' are disjoint neighborhoods of x and oo, respectively, in Y.

Step III: Finally, we prove the converse. Suppose a space Y satisfying conditions (i)—(iii) exists. Then X
is Hausdorff, because it is a subspace of Hausdorff space Y. Now fix £ € X. Choose disjoint open sets U > x
and V O {Y\X} inY. Then C = Y\V is closed in Y, and is compact. Since C' is contained in X, it is also

compact in X. Furthermore, it contains a neighborhood U of z. O
Definition 4.39 (Compactification). If Y is a compact Hausdorff space, and X is a proper dense subspace
of Y, then Y is said to be a compactification of X. If Y\ X equals a single point, then Y is called the one-point

compactification of X.

Remark. By X has a one-point compactification Y if and only if X is a locally compact
Hausdorff space that is not itself compact. Moreover, it is uniquely determined up to a homeomorphism.
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Example. (i) The one-point compactification of real line R is homeomorphic to the circle S'. To see this,
we define f: RU {oco} — S; as follows:

ft) o= { \HE M wy) =
(71,0), t:007 00, (.ﬁ,y):(—l,O)

<l—t2 2t> teR

By construction, f|gr is a homeomorphism between R and S1\{(—1,0)}. Furthermore, the compactification of
S1\{(—1,0)} is its closure Sj.
(ii) The one-point compactification of R? is homeomorphic to the sphere S2. If R? is looked at as the space

C of complex numbers, then CU {oo} is called the Riemann sphere, or the extended complex plane.

Here we also give another formulation of local compactness which aligns with The two
formulations are equivalent in Hausdorff spaces.

Theorem 4.40 (Another equivalent characterization of local compactness in Hausdorff spaces). Let X be
a Hausdorff space. Then X is locally compact if and only if given any x € X and any neighborhood U of =z,
there exists a neighborhood V of x such that V is compact and V C U.

Proof. Clearly this characterization implies local compactness of X, and this direction does not require X to
be Hausdorff. We prove the converse.

Suppose X is locally compact and Hausdorff, then we can take the one-point compactification Y of X. For
any z € X and any neighborhood U of x, let C = Y\U. Then C is compact since Y is compact Hausdorff and
U is open. Applying we can find disjoint open sets V and W in Y such that V' 3 z and W D C.
Then V is compact because it is a closed subset of a compact space Y, and V C U because V is disjoint from
a open set W containing C' O

Corollary 4.41. (i) A closed subspace of a locally compact space is locally compact; (ii) An open subspace

of a locally compact Hausdorff space is locally compact.

Proof. (1) Suppose that A is a closed subspace of a locally compact space X. For any x € A, let X be a
compact subspace of X that contains a neighborhood U of x. Then C'N A as a closed subset of C is compact.
Furthermore, it contains the neighborhood U N A of z in A.

(ii) Now suppose that A is an open subspace of a locally compact Hausdorff space X. Then for any € A
and any neighborhood U of z in A, U is also a neighborhood of = in X. Hence we find can a neighborhood V'
of z in X such that V is compact and V C U. O

Combining [Theorem 4.38| and [Corollary 4.41| immediately yields the following result.

Corollary 4.42. A subspace of X is homeomorphic to an open subspace of a compact Hausdorff subspace
if and only if X is locally compact Hausdorff.

Proof. “If” part: If Y is an open subspace of a locally compact Hausdorff space X, then Y is locally compact
by

“Only if ” part: If' Y is locally compact, then Y is a subspace of its one-point compactification X, which is

compact and Hausdorff by O
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5 Countability and Trennungsaxiom

5.1 First Countability, Second Countability, Separability and Lindelof Spaces

Definition 5.1 (First countable spaces). Let X be a topological spaces. Given a point 2z € X, the space
X is said to be first countable at x, if there exists a countable collection % of neighborhoods of x such that
each neighborhood of = contains at least one of the elements of . In other words, there exists a countable
neighborhood basis for J at z.

By definition, a metrizable space is always first-countable: for any x of a metrizable space X, the collection
B ={0(xz,1/n),n € N} of open balls satisfies But the converse is not true.

We give a generalization of as below. It states that in a first-countable space, convergent
sequences are adequate to detect limit points of sets and to check continuity of functions.

Theorem 5.2. Let X be a first countable space.
(i) Let AC X. If x € A, then we can find a sequence {z,} of points of A that converges to x.
(ii) Let f: X — Y. If for every convergent sequence x,, — x in X, the sequence f(z,) converges to f(z),

then f is continuous.

Proof. (i) Fix x € A. Then there exists a countable neighborhood basis & = {B,,,n € N} at z, and each
neighborhood of = contains at least one of the elements of . Choose =, € AN (ﬂ;’zl Bn). Then for any
neighborhood U of x, it contains some By € #A. Hence x,, € U for all n > N.

(ii) By (i), f(A) C f(A) for all A C X. Then f is continuous. O

Recalling Definition [1.19] a topological space is said to be second countable if it has a countable basis. A
second countable space must be first countable, because we can always find a countable collection of neigh-
borhoods that satisfying by choosing the base sets containing x.

Conversely, a first-countable space is not always second-countable. As a simplest example, consider the
metric space R (or any uncountable set) with metric d(z,y) := 1;-,}. Then (X, d) is first-countable, because
for any « € R, {«} is a neighborhood of z, and any countable collection of neighborhoods of = containing {z}
satisfies However, a basis for this topology must contains all singletons, hence is uncountable.

Theorem 5.3. A subspace of a first-countable (second-countable) space is first-countable (second-countable).

A finite product of first-countable (second-countable) spaces is first countable (second-countable).

Proof. Suppose X is first-countable, and Y is a subspace of X. Fix y € Y. If £ is a collection of neighborhoods
of y in X such that each neighborhood of y in X contains at least one element of %, then the same condition
holds for {BNY :Be€ A} inY.

Suppose {X;,j = 1,--- ,n} are first-countable spaces. Then for each z = (z1,--- ,2,) € H?Zl X, there
exists a countable collection %; of neighborhoods of x; that satisfies for each j = 1,---,n.
Consequently, any neighborhood of z in [],- ; X,, contains at least one element of the countable collection

n
[1Bi:Bj€ %, vjieN
j=1
The statement for second countability is similar. O

Recall [Definition 1.20] a topological space is said to be separable if it has a dense subset. We also show in
that a second-countable space must be separable. The following theorem reveals the relationship
among compactness, separability and second countability.
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Theorem 5.4. (i) A compact metrizable space is separable. (ii) A separable metrizable space is second-
countable.

Proof. (i) Let X be a compact metric space. Let %; be a finite cover of 1-balls of X. Similarly, let %, be
a finite cover of 1/n-balls of X, n =2,3,---. Let A be the centers of these balls, then A being the union of
countable finite sets is countable. Clearly, A is dense in X.

(ii) Let X be a separable metrizable space. Then there exists a dense subset A = {z,,,n € N} of X. Let
B ={0(x,k71) :x € A,k € N} be a collection of open balls in X. We show that £ is a basis for X.

Let U be a nonempty open set in X. For each y € U, we can find some ¢ > 0 such that O(y,e) C U.
Since A is dense in X, there exists z € A and 2/e < k € N such that y € O(z, k=) C O(y, €) by the triangle
inequality. Denote by B, the open ball in & with y € B, CU. Then U = UyeU B,. O

Now we introduce another countability axiom.

Definition 5.5 (Lindeldf spaces). Let X be a topological space. X is said to be a Lindeldf space, if every
open cover of X contains a countable subcover of X.

Theorem 5.6. (i) A second-countable space is Lindelof; (ii) A metrizable Lindeldf space is second-countable.

Proof. (i) Suppose X is a second-countable space with countable basis 8 = {B,,,n € N}. Let & be an open
cover of X. Then each element of &7 contains some element of . Furthermore, for any x € X, it is contained
in some A € &7, hence is contained in some B,, € 4 such that x € B,, C A.

Let ' = {B,, € #:3A € & such that B,, C A}. For each B € %', we choose one A € &/ with A D B.
Then we obtain a finite subcover of X from 7.

(ii) Let X be a Lindel6f metric space. Let % be a countable cover of 1-balls of X. Similarly, let %,, be a
countable cover of 1/n-balls of X, n =2,3,---. We show that & = J,-_, %, is a countable basis for X.

Let U be a nonempty open set in X. For each y € U, Je > 0 such that O(y,e) C U. Let n > 2/¢, then we
can choose some By, := O(z,n™") € %, such that y € O(z,n~") C O(y,¢). Then U =,y By- O

Remark. Combining [I'heorem 5.4] and [Theorem 5.6| it is clear that the second countability axiom, the

separability axiom, and the Lindel6f axiom are equivalent for metrizable spaces.

Theorem 5.7. Let f: X — Y be continuous. (i) If X is first-countable, so is f(X); (ii) If X is second-
countable, so is f(X); (iii) If X is separable, so is f(X); (iv) If X is Lindelof, so is f(X).

Proof. (i) Fix € X. Let % be a countable collection of neighborhoods of x such that any neighborhood of
x contains a member of . Then for any neighborhood V of f(z) in f(X), f~1(V), being a neighborhood of
x in X, must contain some B € %. Hence V D f(B).

(ii) Similar to (i), we can verify that if Z is a basis for X, then {f(B) : B € #} is a basis for f(X).

(iii) Let A be a countable dense subset of X, then f(X) = f(4) c f(A).

(iv) Let o be an open cover of f(X). By continuity {f~(A) : A € &/} is an open cover of X, from which

we can choose countably many {f~'(A4,)} that cover X. Then {4, } covers f(X). O

Example: Lower limit topology R,. Let Z = {[a,b) : a < b} be the collection of all half-open intervals
on R of the form [a,b). Then the topology generated by % is called the lower limit topology on R, and we
denote this topological space by Ry,. The space Ry is first-countable, separable and Lindelof. However, it is
not second-countable.

We first show that R, is not second countable. Let %’ be a basis for R,. Vo € R, 3B, € %4’ such that
x € B, C [z, +1). Then x # y implies B, # B, since « = inf B, # inf B, = y. Hence 4’ is uncountable.
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Given = € Ry, the set {[z,x + 1/n),n € N} is a countable basis at x, which implies first-countability.
Following this, every neighborhood of x includes a rational number, hence x € QRe. Since x is arbitrarily
chosen, the set of all rational numbers Q is dense in Ry, which implies separability.

Now it remains to show that R, is Lindel6f. Since every open cover of R, can be rewritten as a union of
basis elements, we show that every open cover of R, by basis elements contains a countable subcover of Ry.
Let & = {[aa,ba)}acs be such a cover, we wish to find a countable subcover of 7.

Step I: Let C = {J,c;(@a;ba), we show that R,\C is countable. Let x € R,/\C. Then x lies in no open
interval (aq,bq), and there exists § € J such that x = ag. We choose a rational ¢, such that ¢, € (ag,bg).
Similarly, we can choose such g, for y € R,\C with y > z. If ¢, < ¢, then y € (z,qy) C (2,¢2) C (ag,bg),
contradicting y ¢ C! Therefore ¢, < g, and the map = — ¢, R,\C — Q is injective.

Step II: We show that some countable subcollection of o/ covers R,. By Step I, we find a countable
subcollection &7’ = {[ag,bg) : B € J and ag € R,\C} that covers R,\C. To cover C, note that C' is an
open set in the standard topology on R, which is second-countable by [Theorem 5.4 (ii)} Since C' is covered by

{(aasba) tacs, there exists a countable subcollection {(aq,, , ba, ) }nen that covers C. Let &” = {[aq, , ba, ) } nen,
then &/’ U &7 is a countable subcollection of &7 that covers Ry.

Example: Sorgenfrey plane ]R%. The Sorgenfrey plane, as the product of two R, space, has as basis all
sets of the form [a,b) x [c,d). We claim that R? is not Lindelof.

Consider the subspace L = {(z,—z) : @ € R;} of RZ. For any (y,z) ¢ L, we can find a basis element
containing (y, z) and not intersecting L. Hence L is closed in R2.

Then we construct an open cover of R7 by R?\L and by all basis elements of the form [z,b) x [—z,d).
Clearly, L is uncountable, and each of these open sets intersects L in at most one point. Therefore we require

uncountably many open sets to cover L. As a result, R% is not Lindelof.

5.2 Regular Spaces and Normal Spaces

Definition 5.8 (Regular spaces/T5 spaces). Let X be a topological space where one-point sets are closed.
Then X is said to be regular if for each pair consisting of a point z of X and a closed set B disjoint from z,

there exist disjoint open sets containing x and B, respectively.

Definition 5.9 (Normal spaces/Ty spaces). Let X be a topological space where one-point sets are closed.
Then X is said to be normal if for each pair of disjoint closed sets A and B, there exist disjoint open sets

containing A and B, respectively.

Example. The left limit topology R, is normal. It is clear that one-point sets in Ry are closed. Let A and B
be two disjoint closed sets in Ry. For each point a of A, we can choose a basis element [a, x,) not intersecting

B since B is closed. Similarly, we choose a basis element [b, 3) not intersecting A for each b € B. Then

U= U[a,za) and V = U[b,xb)

acA beB

are two disjoint open sets containing A and B, respectively. Hence R, is normal.

Lemma 5.10. Let X be a topological space where one-point sets are closed.
(i) X is regular if and only if given any point « of X and any neighborhood U of z, there exists an open
neighborhood V' of x such that V C U.
(ii) X is normal if and only if given any closed set A in X and any open set U D A, there is an open set V
containing A such that V C U.
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Proof. (1) For the “if” part, let  be a point of X and B be a closed set disjoint from xz. Then X\B is a
neighborhood of z, and we can find a neighborhood V of z in X such that V' C X\B. Let O C U be an open
set containing 2. Then O and X\V are disjoint open sets that contain z and B, respectively.

Conversely, suppose X is regular. For any € X and any neighborhood U of z, let O C U be an open set
containing . Then X\O and x can be separated with two open sets F' O X\O and G 3 z. For any y ¢ O, we
have y € F. Since F is open and disjoint from G, y ¢ G. Hence G C O C U, the proof is completed.

(ii) is similar to (i) by replace x with A. O

We also have the following properties of regular spaces alike [Proposition 4.17]

Lemma 5.11. (i) A product of regular spaces is regular; (ii) A subspace of regular space is regular.

Proof. (i) Let {X4}aes be a collection of regular spaces, and let X = [, ; Xo be the product. By
X is Hausdorff, then one-point sets in X are closed. Let x = (24)qacs be a point of X and U be a
neighborhood of x in X. Choose a basis element [] . ; U, C U containing x. By there exists a
neighborhood V,, of z,, in X, such that V,, C U, for every a € .J. Moreover, V = [[ V,, is a neighborhood of
x in X whose closure is contained in U. Applying again concludes the proof.

(ii) Let Y be a subspace of a regular space X. Let x be a point of Y and B be a closed set in Y disjoint
from x. Let BX be the closure of B in X, then B = BX NY by [Proposition 1.26 (i)l Moreover, 2 ¢ BX. The
regularity of X allows us to find disjoint open sets U 5 z and V > BX in X, and the conclusion follows from

taking their intersection with Y. O

Remark. There is no analogous conclusion for normal spaces. As a counterexample, the left limit topology
on real line Ry is normal, but the Sorgenfrey plane R% is not normal.

Now we are going to discuss some common conclusions about normal spaces.

Theorem 5.12. A second-countable regular space is normal.

Proof. Let X be a second-countable regular space with a countable basis B. Let A and B be two disjoint
closed sets in X. Using the regularity, each a € A has a neighborhood U not intersecting B, and we can choose
a neighborhood V of a whose closure lies in U by Furthermore, we can choose a basis element
from A containing a and contained by V. By choosing such a basis element for each a € A, we obtain a
countable open cover of A whose closure does not intersect B. We denote by {U,,} the elements of this cover.

Similarly, we can construct a countable open cover {V,,} of B whose closure does not intersect A. Define

Ul =U,\ <Uv> V=V <UU> L n=1,2,--.
=1 =1

Then U’ = |J,, U}, is still an open cover of A, since |J,, V,, does not intersect A. Also, V' =[], V! is an open
cover of B. Moreover, U’ and V' are disjoint, for if there exists x € U’ N V', then there exists ¢ and j such
that v € U/ NV, CU;NV;. If j > i, then z € V] and = ¢ U, a contradiction! A similar contradiction occurs
when ¢ > j. Then we conclude the proof. O

Theorem 5.13. A compact Hausdorff space is normal.

Proof. Let X be a compact Hausdorff space, and let A and B be two disjoint closed sets in X.
We first prove the regularity of X. Fix a € A, then we can find disjoint open sets U, > a and V}, 3 b for
every b € B. Since B is closed in X, B is compact, and there exist finitely many V;,,---,V;, that cover B.

As aresult, ), Uy, and |J_, Vp, are disjoint open sets that contains a and B, respectively.
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Now we prove the normality. Using the above conclusion, we can find disjoint open sets U, 3 a and V, O B
for every a € A. Since A is closed in X, we can find finitely many aq,- -, a,, such that U := (J;*, U,, D A.
Meanwhile, V := ", V,, D B is disjoint from U, which concludes the proof. O

Theorem 5.14. A metrizable space is normal.

Proof. Let (X,d) be a metric space. Let A and B be two disjoint closed sets in X. For eacha € A, a ¢ B = B,
hence we can find n, such that the open ball O(a,1/n,) does not intersect B. Similarly, we can find n; for
each b € B such that O(b,1/n;) does not intersect A. Define

1 1
v=_ 0<a,>, v=_J 0(1;,).
a€A 3na beB 3n
Then U and V are open sets containing A and B, respectively. It suffices to show U and V are disjoint.
Suppose there exists z € U NV. Then there exists a € A and b € B such that x € O(a,n;'/3) NO(b,n; */3),
which implies d(a,b) < d(z,a) + d(z,b) < +(ng' + n,'). However, by construction of n, and n;, we have
d(a,b) > max{n;*,n; '}, a contradiction! O

Review. The separation axioms are listed in order of increasing strength.
e T7: For every pair of distinct points, each has a neighborhood not containing the other point.
e Ty (Hausdorfl): For every pair of distinct points, there exists disjoint neighborhoods of each.
e T3 (Regular): One-point sets are closed; For each closed set and a point not contained in the closed set,
there exists disjoint open sets containing each.
e T, (Normal): One-point sets are closed; For each pair of disjoint closed sets, there exists disjoint open
sets containing each.

The letter “T” comes from the German “Trennungsaxiom”, which means “separation axiom”.

5.3 Urysohn Lemma and Tietze Extension Theorem

In normal spaces, we have similar conclusions as we have discussed in [Section 2.2l We first introduce the

Urysohn lemma, which is a generalization of

Theorem 5.15 (Urysohn lemma). Let X be a normal space. Let A and B be disjoint closed sets in X.
Then there exists a continuous map f : X — [0, 1] such that f(A4) = {0} and f(B) = {1}.

Proof. Step I: Let [Q]i = QN [0,1]. We shall construct a collection {Uq}qerqry of open sets in X indexed by
the rational numbers in [0, 1], such that whenever p < ¢, we have U, C U,. Since [Q]} is countable, we can
follow a sequence of elements in [Q]} and define the sets U, by induction. Let the first two elements of the
sequence be 1 and 0, and denote by @,, the first n numbers in the sequence.

Let U; = X\B, then U; D A. Since A is closed in X and X is normal, we can find an open set Uy such
that A C Uy C Uy C Uy by Then the first two sets are defined, and we wish to define U, for
general ¢ € [Q]} by induction. Suppose U, is defined for all ¢ € @Q,,—1, where n > 3, and let 7 be the next
number in the sequence, i.e. @Qp = Qn_1 U {r}.

Clearly, 0 < r < 1. Since @, —1 is finite, we can always find the predecessor p = max{z € Q,,—1 : x < r}
and successor ¢ = min{x € Q,,—1 : > r} of r in Q,,. By the induction assumption, we have Up C Uy. Using
again, we choose an open set U, such that U, C U, C U, C U,. Since p is the predecessor of 7 in
Qn and q is the successor, the inclusion order p < ¢ = U, C U, is guaranteed for all p,q € Q,,. By induction,
U, is defined for all q € [Q]}.
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Step II: Following Step I, we extend the definition of U, to all ¢ € Q by setting U, = 0 for ¢ < 0 and
Uy = X for ¢ > 1. The condition p < ¢ = Up C Uy still holds for any pair p,q € Q.

Step III: For any point  of X, define Q, = {q € Q : z € U,}, which is the set of all rational indices whose

corresponding open sets contain x. By definition, Q. contains no rational numbers less than 0 and all rational

numbers greater than 1. Since Q is bounded below, we define
flz)=infQ, =inf{¢g e Q:z € Us},z € X.

Then f is bounded by [0,1]. For any = € A, z € Uy, and Q, = QN [0,00). For any x € B, z ¢ Uy, and
Q; =QnN1,00). Hence f(A) = {0}, and f(B) = {1}.

Step IV: Tt remains to show that f : X — [0,1] is continuous: given a point z¢ of X and an open interval
(a,b) that contains f(x), we show that there exists a neighborhood U of xg such that f(U) C (a,b).

Let p and ¢ be two rational numbers with a < p < f(zo) < ¢ < b. Since f(z¢) < g, we have ¢ € Qy,, which
implies ¢y € U,. Moreover, we can find some p’ € Q such that p < p’ < f(zo), which implies p’ ¢ Q,, and
zo ¢ Uy D Up. Hence zg € U, \U,.

Now we prove that U = U,\U), is the desired neighborhood of zg. Fix z € U. Since z € Uy, q € Q,, and

f(z) < g <b. Moreover, z ¢ U, implies p ¢ Q,, and f(z) > p. Hence f(x) € [p,q] C (a,b), as desired. O
The following Tietze extension theorem is a generalization of It is an immediate corollary

of the Urysohn lemma.

Theorem 5.16 (Tietze extension theorem). Let X be a normal space, and let A be a closed subspace of X.
(i) Any continuous map of A into the closed interval [a, b] of R can be extended to a continuous map of all
of X into [a,b] (with the same bound).

(ii) Any continuous map of A into R may be extended to a continuous map of all of X into R.

Proof. Step I: Let A be a closed subset in a metric space X, and f : A — R a continuous function. We
first consider a bounded function f : A — R, with sup,c |f(2)] < M < co. We claim that there exists a
continuous function g : X — R such that

M.

W N

1
sup |9(z)| < g M, sup|f(z) —g(2)] <
zeX TEA

Let U={zx € A: f(z) > M/3} and L = {x € A: f(z) < —M/3}. By[Lemma 1.25] U and L are disjoint
closed subsets of A in X. Using the Urysohn lemma (Theorem 5.16|), we can find a continuous function
g: X — [-M/3,M/3] such that g(U) = {M/3} and g(L) = {—M/3}. Clearly, g is the desired function.

Step II. Now we prove the part (i). Without loss of generality, let f: A — [—1,1]. By step (i), there exists

a continuous function g; such that

Wl o

1
sup |g1(z)| < 30 Sup |f(z) —g1(x)] <
zeX €A

Now consider function f — g;. Applying Step I again, we can find a continuous function g, : X — R such that

O

2
sup |g2(2)] < 5, sup |f(2) — g1(z) — g2(2)] <
reX z€A
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Repeat this procedure, we obtain a sequence of functions g, : X — R such that

s loa@) < 5 (2) sl o)~ (2)

zeX r€A 3

By Weierstrass M-test (Theorem 2.20)), the series Y | g, converges uniformly on X, and we denote it by g.
For any = € A, we have

@)=Y gula)

k=1

2 n
<<3> — 0 asn — oo.

Then g and f agree on A, and g is uniformly bounded by > 7, 2n—1/3" = 1. Furthermore, g is continuous

by Hence g extends f to the whole space X.

Step I11: Now we prove the case for general continuous f, which is the part (ii). Choose a homeomorphism
h:R — (=1,1) and consider the composition h o f, which is bounded. Then we extend it to a continuous
R-valued function g : X — [—1,1] as in Step II.

We need to deal with the endpoints. Let E = g~1({—1,1}), which is closed by continuity of g. Since g and
ho f agrees on A, g(A) C (—1,1). Then A and E are disjoint closed sets, and we can find a continuous function
¢ : X — [0,1] such that ¢(E) = {0} and ¢(A) = {1} by the Urysohn lemma. Then we have g(x)¢(z) € (—1,1)
for all z € X, and g(a)¢(a) = g(a) for all @ € A. Now h™1 o (g- ¢) is well-defined and continuous, and by
construction it extends f over X. Thus we complete the proof. O
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6 Product Spaces

6.1 The Product Topology

In [Definition 3.9) we have introduced the concepts of set product and the box topology. However, the box
topology does not behave well in some cases. For example, in the box topology, an infinite product of compact
spaces is not necessarily compact. In this section, we are going to introduce another topology on products of

topological spaces, which enjoys some good properties.

Definition 6.1 (Product topology). Let X = [[, ., Xa be the product of topological spaces { X, € J}.
Let .5 denote the collection

S = {ng(Uﬂ) : Ug is open in Xg},

and let .7 = | seJ 75 be the union of these collections. Then the topology generated by the subbasis . is
called the product topology. In this topology X =[] ., X4 is called a product space.

Remark. Let’s consider the basis 2 that .7 generates. By [Theorem 1.18] 4 consists of all finite intersections
of elements of .. Since a finite intersection of open sets are still open, we do not produce anything new if we
intersect the elements from the same collection .#3. Hence we intersect elements from different collections .73:
Let B1,---, B, be a finite set of distinct indices from J, and let Ug, be an open set in Xg, for i = 1,--- ,n.

Then we generate a typical element of % as

=1

If a point x = (z,) belongs to B, then zg, € Ug, for i = 1,--- ,n, and there is no restriction for x, if o ¢
{B1,- -+, Bn}. Therefore, we can write B as the product B =[], ; Ua, where Uy = X, for a & {B1,---, Bn}.

Comparison of the box and product topologies. The box topology on ], ; X, has as basis all sets of
the form [],c; Ua, where U, is open in X, for each a € J. The product topology on [],.; Xo has as basis
all sets of the form [],.;

values of o € J. Clearly, two topologies are equivalent when the index set J is finite.

U, where U, is open in X, for each a € J, and U, # X, for only finitely many

As a result, we can generate the bases for the two topologies from the bases {%,} of topological spaces
{Xa,a € J} as follows. The collection of all sets of the form HaeJ B, where B, € %, for all a € J, serves as
acy Xa- The collection of all sets of the form HaeJ B, where B, € 4, for

finitely many indices a and B, = X, for all the remaining indices, serves as a basis for the product topology
on [[,c; Xa-

a basis for the box topology on []

Lemma 6.2 (Subspace topology of product spaces). Let Y, C X, for each a € J. Then [] ., Y, is a

subspace of [ [, ; Xa if both products are given the product topology, or if both are given the box topology.

Proof. Check that if 2 is a basis for [[,c; Xa, then {BNY, B € #} is a basis for Y =[] ; Ya. O

Lemma 6.3. Let A, C X, for each a € J. If []
topology, then

acg Xa 18 given either the box topology or the product

H A, = H Ay
acJ acJ
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Proof. Let x = (z4) be a point of [[,c;Aa. Let U = [[,c;
or product topology that contains x. Since z, € A,, there exists yo, € U, N A, for each o € J. Then
Y = (%a) € UN[l,es Aa- Since U is arbitrary, x € [, c; Aa-

Conversely, let x = (z4) € [],c; Aa in either topology. Fix 8 € J. Let Vg be an arbitrary open set in Xp

U, be a basis element for either the box

that contains zg. Then Fﬁ_l(V5) is a neighborhood of x in [] . ; Xa, and it intersects [[,.; Aa. Hence Vp
intersects Ag, and x5 € Ag. O

Remark. In[Proposition 4.17 (iii)|and [Lemma 5.11 (i)} we use the term “product” and do not distinguish box

topology and product topology. In fact, our proofs hold for both. Therefore, a product of Hausdorff/regular
spaces is still Hausdorff/regular, under both box and product topologies.

Now we introduce two important conclusions of product topologies.

Lemma 6.4. Let X =[],
if and only if 7, (x,) = 7o (x) for all « € J.

X, be a product space. Let (x,) be a sequence of points of X. Then x,, — x

Proof. Consider the projection mapping 7o : [[,c; Xa — Xa. If Uy is open in X, then 77 1(U,) is also open.
Since the projection mapping 7, : X — X, is continuous, it preserves convergent sequences.

Conversely, if 74(x,) = 7a(x) for every a € J, we choose a basis element U = [] . ; Uy that contains x.
For every a € J with U, # X4, choose N, such that 7,(x,) € U, for all n > N,. Since {N,} is finite, let
N =max{N, :a € J, U, # Xu}. Then for all n > N, x,, € U. Since U is arbitrary, x,, — X. O

Remark. states that the coordinate convergence implies the convergence under the product
topology. However, there is no similar conclusion for box topologies when J is infinite, since {N,} can be

unbounded and we are not able to find an appropriate N.

Theorem 6.5. Let f: X — ] Y, be given by the equation

acJ

J(@) = (fal@)),cpn

where f, : X = Y, for each o € J. Give []
each function f, is continuous.

acy Yo the product topology. Then f is continuous if and only if

Proof. Suppose f is continuous. For any « € J, since 7, is continuous, f, = 7, o f is also continuous.

Conversely, suppose f, is continuous for all a € J. By [Theorem 2.5 (ii)} it suffices to show that the inverse

image of each element of the subbasis . is open in X:

fH (75 (Us)) = f5' (Ups)-

Since fg is continuous, the inverse image is open in X. Then we conclude the proof. O

6.2 The Tychonoff Theorem

In we have shown that the product of finitely many compact spaces is compact. Naturally, we
wonder if a similar conclusion holds for the product of infinitely many compact spaces. The Tychonoff theorem
gives a positive answer, under the product topology.

Recall the definition of the finite intersection property, which is given in A collection € of
sets is said to have the finite intersection property, if for every finite subcollection {C1,---,Cy} of €, their

intersection (;_; C, is nonempty.
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Lemma 6.6 (Maximal element having the finite intersection property). Let X be a nonempty set. Let 7
be a collection of subsets of X having the finite intersection property. Then there is a collection 2 of subsets
of X such that 2 O &, and Z has the finite intersection property, and no collection of subsets of X that
properly contains 2 has this property.

Proof. We construct & by Zorn’s lemma: Suppose a partially ordered set P has the property that every simply
ordered subset of P has an upper bound in P, then P has at least one maximal element.

We use C to denote a subset of X, use € to denote a collection of subsets of X, and use C to denote a
superset whose elements are collections of subsets of X. We shall apply Zorn’s lemma on such a superset.

By assumption, we have a collection &7 of subsets of X that has the finite intersection property. Let A be
the superset consists of all collections Z of subsets of X such that £ D & and 4 has the finite intersection
property. We use proper inclusion C as our strict partial order on A. To prove the conclusion, we need to
show that A has a maximal element 2.

We show that if B is a “subsuperset” of A that is simply ordered by proper inclusion, then B has an upper
bound in A. Then the conclusion follows from Zorn’s Lemma. In fact, the collection ¢ = (Jzop % is the
desired upper bound. To show this, it suffices to show that & € A.

Clearly, ¥ D «/. To show the finite intersection property, choose finitely many C1,--- ,C, € ¥. Since €
is a union of elements of B, we can find some %; € B containing C; for each ¢ € [n]. Then we obtain a finite
superset {%;}ic[n), which is contained in a simply ordered set B and has a maximal element %}, such that

By, O B; for each i. Hence C1,--- ,C, € By, and their intersection is nonempty, as desired. O

Lemma 6.7. Let X be a nonempty set, and let Z be a collection of subsets of X that is maximal with
respect to the finite intersection property. Then: (i) Every finite intersection of elements of & is an element
of Z; (ii) If A is a subset of X that intersects every element of &, then A is an element of Z.

Proof. (i) Let B be an intersection of finitely many elements of &, and define & = 2 U {B}. If we can show
that & has the finite intersection property, then & = 2 by maximality of &, which implies B € 2.

Take Ey,--- ,E, € & The case B ¢ {E1, -+, E,} is clear. Without loss of generality, assume F; = B.
Then BN Ey;N---N E, is also an intersection of finite many elements of &, hence is nonempty.

(ii) Let &# = 2 U {A}, it suffices to show % has the finite intersection property. Take Di,---,D,, € 2.
Since ;_, D; is nonempty, and A intersects every element of Z, (ﬂ?zl Di) N A is nonempty. O

Theorem 6.8 (Tychonoff theorem). The product of any collection of compact topological spaces is compact

in the product topology.

Proof. Let {Xq}aes be a collection of compact topological spaces, and define X = [[ ., Xo. Let &7 be a
collection of subsets of X having the finite intersection property. Following [Theorem 4.14] it suffices to show
that the intersection (1, A is nonempty.

By [Cemma 6.6} we choose a collection 2 of subsets of X such that ¥ D & and Z is maximal with respect
to the finite intersection property. We show that the intersection (1, c @ﬁ is nonempty.

For each a € J, the collection {m, (D) : D € 2} of subsets of X, also has the finite intersection property
as 2 does. By compactness of X,,, there exists z, € [ De@m. Therefore, we are able to find a point
X = (T4)acs of X. We shall show that x € D for every D € 9, which concludes the proof.

Fix 8 € J, and let ﬂ'gl(Ug) be a subbasis element containing x. By definition, 25 € 73(D) for all D € 9.
Then Upg, being a neighborhood of zg in X3, intersects every mg(D). By [Lemma 6.7 (ii)} ng(U,g) € 2, and
by every basis element of the product topology that contains x belongs to &. Since Z has the
finite intersection property, every basis element containing x intersects every element of 2. Hence x € D for

every D € 9 as desired. O
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7 Metric Spaces and Function Spaces

7.1 Completeness and Compactness

Definition 7.1 (Cauchy sequence and completeness). Let (X,d) be a metric space. A sequence (x,) of
points of X is said to be a Cauchy sequence, if Ve > 0, AN € N such that n,m > N implies d(z,, zmy) < €.
The metric space (X, d) is said to be complete if every Cauchy sequence in X converges with respect to d.

Lemma 7.2. Let (X,d) be a metric space.
(i) If (X, d) is complete, A is a closed subspace of X, and d4 is the restricted metric of A, i.e. da(z,y) =
d(z,y) Vx,y € A, then (A, d4) is a complete metric space.
(i) Let d be the standard bounded metric, i.e. d(x,y) = min{d(z,y),1} Va,y € X, then (X,d) is complete
if and only if (X, d) is complete.

Proof. (i) Let (x,,) be a Cauchy sequence in A under d4. Then (z,,) is also a Cauchy sequence in X under d,
and it converges to some z € X. By definition, any neighborhood U of = contains infinitely many points of

(xn)
(

. Hence z is a limit point of A. Since A is closed, x € A, and (z,) converges with respect to da.
ii) Let (z,,) be a sequence of points of X. Then the conclusion is clear if we can prove:

e (z,) is a Cauchy sequence relative to d if and only if it is a Cauchy sequence relative to d, and

e For z € X, d(z,,z) — 0 if and only if d(x,,z) — 0.

We only prove the first claim. Since d is never greater than d, the “if” direction is clear. Conversely, let
(7,,) be a Cauchy sequence relative to d. Given e > 0, we set € = min{e, 1/2}. Then there exists N such that
n,m > N implies d(xp,2,,) < € < e. In this case, d(z,,.2,,) = d(z,, ) < 1/2, hence (z,,) is also a Cauchy

sequence relative to d. The proof for the second claim is similar. O

Now we introduce a criterion for a metric space to be complete.

Lemma 7.3 (Subsequence criterion). A metric space (X,d) is complete if every Cauchy sequence in X has

a convergent subsequence.

Proof. Let (x,) be a Cauchy sequence in X, and let (z,,) be a convergent subsequence of (z,). Fix e > 0.
We first choose a positive integer N such that n,m > N implies d(z,, z,,) < €/2.

Suppose that (z,,) converges to x € X. We choose a sufficiently large integer K so that nxg > N and
k > K implies d(zp,,x) < €¢/2. Then for any n > N, we have

d(xn, ) < d(Tn,, Tn) + d(Tn,, ) < g + % =e.

Since € is arbitrarily chosen, (z,,) converges to x. O
1/2
Example. Let k € N. The Euclidean space (R¥,d) is complete, where d(x,y) = (Zle(% - y1)2) .

To see this, let (x,) be a Cauchy sequence in R¥. Fix € = 1, then we can find N such that n,m > N
implies d(Xy, Xm) < 1. Let B be the closed ball of radius max{d(0,x;),---,d(0,xx_1),d(0,xn)+ 1} centered
at 0. Then B is a compact set that contains the sequence (x,). By B is sequentially compact,
hence (z,) has a convergent subsequence. By the space RF is complete.

Now we discuss the compactness in metric spaces. In we have established the equivalence of
four kinds of compactness in metric spaces, which is a very important conclusion. Following this, we are going

to introduce another two kinds of “compactness”.
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Definition 7.4 (Relatively compactness and relative sequential compactness). Let (X, d) be a metric space,
and let A be a subset of X.
(i) A is said to be relatively compact (or precompact) if its closure is compact;
(ii) A is said to be relatively sequentially compact, if for every sequence (z,) C A there exists a subsequence
that converges to some z € X. (Clearly, » € A.)

The following theorem reveals the equivalence of these two definitions.

Theorem 7.5 (Equivalence of relative sequential compactness and relative compactness). Let (X, d) be a

metric space. Let A C X. Then A is relatively sequentially compact if and only if A is relatively compact.

Proof. Suppose that A is compact. Then A is also sequentially compact by [Theorem 4.36, and the relative
sequential compactness of A is clear.

Conversely, suppose that A is relatively sequentially compact. We show that A is sequentially compact.
Let () be a sequence of points of A. For every n € N, since x,, € A, we can choose 3, € A such that
d(xn,yn) < 1/n. By relative sequential compactness of A, there is a subsequence (yy, ) with y,, —y € A.

Fix € > 0. We first choose K7 € N such that d(yy,,y) < €/2 for all k > K;. Then we choose Ks € N such
that ny > 2/e for all k > K5, which implies d(zn, ,yn,) < €/2. Hence d(z,,,y) < € for all k& > max{K7, K>},
and the subsequence (z,, ) converges to y € A as k — oo. Therefore A is sequentially compact. O

Next, we are going to establish the equivalence between relatively compact sets and totally bounded sets
in complete metric spaces. Recall a metric space is said to be totally bounded if it has a finite
e-net (a cover consists of open e-balls) for any € > 0.

Let (X,d) be a metric space. Then a subset A of X is said to be totally bounded if A can be covered by
finitely many e-balls in X for any € > 0. Clearly, if A is totally bounded, so is A. To see this, let ¢ > 0 be

c

given. Then A can be covered by finitely many £-balls. For any x € A, there exists y € A with d(z,y) < €/2.

Hence we can cover A by expanding the radii of the balls to e.

Theorem 7.6 (Hausdorfl). Let X be a metric space. Let A C X.
(i) If A is relatively compact, then A is totally bounded.
(ii) If X is complete and A is totally bounded, then A is relatively compact.

Proof. (i) Consider a cover of A consists of open e-balls, the conclusion is clear by finding a finite subcover.

(ii) We shall prove that A is sequentially compact. Let (z,,) be a sequence of points, it suffices to construct
a subsequence of (x,,) that is a Cauchy sequence, which converges by completeness of A.

We first cover A by finitely many 1-balls. At least one of these balls, denoted by O;, contains infinitely
many elements of (z,). We denote by J; = {n € N: x, € O1} the index set of these elements.

Next, cover A by finitely may 1/2-balls. Since J; is infinite, at least one of these balls, denoted by Oa,
contains infinitely many elements of {z,, : n € J;}. Similarly, let Jo = {n € J; : &, € Oz2}. By repeating this
procedure, we obtain a finite cover of A by 1/k-balls and an infinite index set J, = {n € Jy_; : x,, € Oy} for
arbitrarily large k, with Jy C Jg—1 C --- C J;.

Choose ny € J;. Given ny_1, choose ny € Ji with ng > ng_1, which is feasible because Jj, is infinite. For
any l,m >k, n;,ny, € Jy, and z,,,, z,,, € Ok, implying d(z,,, Tn,,) < 2/k. Hence the subsequence (z,,) is a
Cauchy sequence, as desired. O

Corollary 7.7. A metric space X is compact if and only if it is complete and totally bounded.

Proof. By (“only if” part) and [Theorem 7.6 (“if” part). O

Now we are going to introduce some criterions for a metric space to be complete.
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Lemma 7.8. Every Cauchy sequence in a metric space is totally bounded.

Proof. Let (X,d) be a metric space, and let (x,) be a Cauchy sequence in X. Given ¢ > 0, there exists
N such that d(z,,z,,) < € for all n,m > N, which implies O(xy,€) D {x,,n > N}. Then the open balls
O(z1,€),- -+ ,0(zn, €) form a cover of X. O

Theorem 7.9. A metric space X is complete if every totally bounded set in X is relatively compact.

Proof. Let (z,) be a Cauchy sequence in X. By (2y,) is totally bounded. Then (x,,) is relatively
sequentially compact, and the completeness follows from O

Lemma 7.10. If A is a dense subset of a metric space (X, d), and every Cauchy sequence in A converges in
X, then (X, d) is complete.

Proof. Let (z,,) be a Cauchy sequence in X. Since A = X, there exists find a,, € A such that d(an,z,) < 1/n
for each n € N. Fix € > 0. Then there exists N such that d(z,,2m) < €/3 for all n,m > N. By setting

n,m > max{N, 3¢ '}, we have
d(an,am) < d(an, Tn) + d(@pn, Tm) + d(Tm, am) < €.

Hence (a,) is a Cauchy sequence in A, and it converges to some z € X. Since d(xy, a,) — 0, and d(an, ) — 0,

we have d(z,,2z) — 0, which concludes the proof. O

Finally, we present a useful lemma in analysis.

Lemma 7.11. Any relatively compact set is separable.

Proof. Let A be a relatively compact subset of a metric space X. Since A is totally bounded, we can cover
it by finitely many 1-balls. We denote the centers of these balls by Cy. Similarly, we can cover A by finitely
many 1/n-balls for arbitrarily large n € N, and extract their centers C,,. Then Uzozl C,, being the union of

countably many finite sets, is a countable dense set in X. O

7.2 Completion of Metric Spaces

Definition 7.12 (Completion). Let (X,d) be a metric space. A complete metric space (Y,d) is said to
be a completion of (X,d), if there exists an injective mapping ¢ : X — Y such that (i) ¢ is isometric, i.e.
d(u(z),u(z")) = d(z,z') for any pair z,2’ € X, and (i) ¢«(X) = Y. In this case, ¢ is called an imbedding.

The following theorem states that every incomplete metric space has at least one completion.

Theorem 7.13 (Existence of a completion). Let (X, d) be a metric space. Then there exists a completion
of (X,d). Namely, there exists an isometric imbedding from X to a complete metric space.

Proof. We prove this theorem by constructing a complete metric space which consists of equivalence classes
of Cauchy sequences in X.

Step I: Let Y’ be the set of all Cauchy sequences x = (21,2, -+ ) in X. Let d'(x,y) := limy, 00 d(Zn, Yn)-
Then d’ is a pseudometric on Y, that is, d' : Y’ x Y’ — R, satisfies symmetry and triangle inequality.

Step II: Define a relation ~ on Y”': for x = (z,,) and y = (y,,) in Y7,

X~y i d(xpn,yn) = 0.

n—oo
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It is clear that ~ is an equivalence relation on Y’, i.e., ~ has reflexivity, symmetry and transitivity. Let
Y =Y’/ ~ be the set of equivalence classes on Y’ and define d:Y xY - R, as

d([XL [Y]) = lim d(xmyn)'

n— oo

Note that d([x],[y]) = d'(x,y). Following Step I, d is a metric on Y.

Step I1I: Define ¢ : X — }7, x> [(z,x,- )], which maps a point of X to an equivalence class of a constant

sequence. Clearly, d(¢(x),t(y)) = d(x,y), which implies that ¢ is an isometric imbedding.

Now we show that 1(X) = Y. Given any Cauchy sequence x = (z,,) € Y’, we have

lim d(u(z,),[x]) = lim  d(zn,zm) =0,

n—roo n,m—oQ

which implies [x] € 1(X). Since x is arbitrary, we have (X) =Y.

Step IV: It remains to show the completeness of (Y,d). By [Lemma 7.10} it suffices to show that every
Cauchy sequence in ¢(X) converges in Y.
Let {[x™]},en be a Cauchy sequence in ¢(X), where x(") = (x,,,x,,---) for each n € N. By definition,

d([x™], [x™)]) = d(x, 2 ), which implies that x = (x,,) is a Cauchy sequence in X. Moreover,

lim d ([x(")], [x]) = lim {lim d(a:n,mk»)} =0,

n— o0 n—oo | k—oo

which implies [x(™] — [x] € Y. Therefore we obtain a completion of X. O

By construction, we showed that every metric space has at least one completion. Naturally, we wonder if

the completion is unique. We have the following theorem.

Theorem 7.14 (Uniqueness of the completion). The completion of a metric space (X,d) is uniquely de-

termined up to an isometry. Namely, if ¢; : X — Y] = ¢1(X) and 12 : X — Yo = 15(X) are two isometric
imbeddings from X to a complete metric space, then there exists an isometric bijection from Y; to Y5.

Proof. Step I: Define map ¢q : t1(X) — 12(X), t1(x) = wa(x), which is bijective and isometric from ¢1(X) to
t2(X). We extend ¢g to ¢ : Y1 — Y5 as follows: Given y; € Y7, choose a sequence (x,,) of points of X such
that dy, (¢1(zp),y1) — 0, which is feasible because Y7 = ¢1(X), and define

¢(y1) = lm ¢o(u(zn)) = lm io(zn).

n—r oo

Step II: check that ¢ is well-defined. Since (¢1(z,)) converges to y; € Y7, it is a Cauchy sequence in Y;.
Note that ¢; and ¢o are isometric, (z,,) is a Cauchy sequence in X, and (t2(z,)) is a Cauchy sequence in Y3.
By completeness of Ya, (12(x,)) converges to some point y2 of Ya.

Suppose (z},) is another sequence of points of X such that ¢;(x]) — y1. Repeat the above procedure, there
exists y4 € Y3 such that ta(z),) — y5. Moreover,

dy,(y2,y5) = lm dy,(ta(zn),e2(2,)) = lim d(zn,2,,) = lim dy, (t1(zn), t1(2y,)) = dy, (y1,91) = 0.

n,Mm—00 n,m— oo n,Mm—00

Hence yo = y5. Therefore, ¢ : Y1 — Y5 is well-defined and agrees with ¢ o L;l on t1(X).
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Step III: Tt remains to show that ¢ is isometric. Given y,y’ € Y7, we choose two sequences (z,,) and ()
from X such that ¢1(z,) = y and ¢1(z],)) — ¢'. Then we have

dy,(6(y),0(y') = lim dy,(a(wn), ta(xy,)) = lim d(zn,2p,) = lm dy, (0(zn), u(zy,)) = dyv, (4, 9).

n,m—oo n,m—oo n,Mm—00

Hence ¢ is an isometric bijection from Y; to Y5. O

Remark. Combining|Theorem 7.13|and [I'heorem 7.14] we conclude that for every metric space, there exists

a unique completion up to an isometry.

7.3 Function Spaces and Arzela—Ascoli Theorem

Let Y be a topological space, and let J be a set. Then each point y = (ya)acs of the cartesian product Y’
can be viewed as a function y : J — Y, a — y,. In this section, we shift from the classical tuple notation
¥ = (Ya)aecs to the functional notation f:J — Y.

Definition 7.15 (Uniform metric). Let (Y, d) be a metric space, and let d(x,y) = min{d(z,y),1} be the
standard bounded metric on Y derived from d. If f,g € Y/ are functions from .J to Y, let

p(f,9) =supd (f(a),g(e)).

acJ

Then p is said to be the uniform metric on Y7 corresponding to the metric d on Y.

Theorem 7.16. Let (Y,d) be a complete metric space, and let p be the uniform metric on Y/ corresponding
to d. Then (Y7, p) is complete.

Proof. By (Y,d) is a complete metric space, where d is the standard bounded metric corre-
sponding to d. Suppose {f, }nen is a Cauchy sequence in (Y7, ). Then for any o € J, we have

d(f(@), (@) < p(fu, fm), n,m €N,

Since {fn}nen is a Cauchy sequence in (Y7, 5), (fn(a)) is a Cauchy sequence in (Y, d), which converges to
some f(a) € Y by completeness of (Y,d). As a result, we obtain f € Y/ such that f,(a) — f(a) in metric d
for each a € J. We claim that f, — f in metric p.

Given € > 0, we choose a sufficiently large N such that p(f,, fin) < €/2 for all n,m > N. Then
d(fu(a), fm(a)) < €/2 holds for all n,m > N and all a € J. Setting m — oo, we have d (fn(a), f(a)) < €/2
for all n > N and all « € J. Therefore

p(far ) = supd (fu(a), f(a)) <

€ <
- €,
acJ 2

for all n > N, as desired. O

Up to now, we have not imposed any assumption on set J when discussing the function space Y. Let’s
go one step further: consider the set YX of all functions f : X — Y, where X is a topological space and (Y, d)
is a metric space. We are going to investigate two special subsets of Y X:
o C(X,Y) is the set of all continuous functions f : X — Y. A function f : X — Y is said to be continuous
if the inverse image of any open set in Y is open in X.
e B(X,Y) is the set of all bounded functions f : X — Y. A function f: X — Y is said to be bounded if
its image f(X) is a bounded subset of (Y, d).
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Theorem 7.17. Let X be a topological space and let (Y, d) be a metric space. Then both the set C(X,Y)
of all continuous functions and the set B(X,Y") of all bounded functions are closed in Y under the uniform

metric p corresponding to d. As a result, both C(X,Y) and B(X,Y) are complete in p if Y is complete in d.

Proof. We first show that if a sequence of elements {f,} of Y converges to f € YX relative to p, then it
converges uniformly to f relative to the standard bounded metric d. Given € > 0, we can choose N € N such
that p(fn, f) < eforallm > N. Then d(f,(z), f(z)) < p(fn,f) <eforalln> N and all x € X.

Now we prove that C'(X,Y) is closed in Y under the topology induced by p. Let f € C(X,Y), then there
exists a sequence {f,} C C(X,Y) that converges to f relative to p. As aresult, {f,} converges to f uniformly

relative to d. By the uniform limit theorem (Theorem 2.19)), f is continuous. Hence f € C(X,Y).

Finally, we prove that B(X,Y) is closed in YX under the topology induced by p. Let f € B(X,Y), then
there exists a sequence {f,} C B(X,Y) that converges to f relative to p. Set e = 1/2, then we can choose
N € N such that p (fn,, f) < 1/2 for all n > N. Since d (fn(z), f(2)) = d(fn(x), f(x)) < p(fn, f) < 1/2 for
all x € X, and fy is bounded, we can bound the diameter of f(X) as follows:

sup_d(f (), f(2')) < sup {d(f(2), fv(2)) +d(fn(2), fn(a")) +d(fn (), f())}

z,x'eX z,x’eX

< sup_d(fn(z), fn(z") +1 < o0.
z,x’eX
Hence f € B(X,Y), and B(X,Y) is closed.
Following [Lemma 7.2 (i)| and [Theorem 7.16] we conclude that C(X,Y) and B(X,Y) are complete in p
when (Y, d) is complete. O

Definition 7.18 (Supremum metric). Let X be a topological space and let (Y, d) be a metric space. If
fyg € B(X,Y), define

p(f,g) = sup d(f(x),g(x)).

zeX

Then p is a well-defined metric on B(X,Y’), since the set f(X) U g(X), being the union of two bounded sets,
is bounded. The metric p is called the supremum metric.

Remark. (i) Suppose f,g € B(X,Y). Then:

p(f,9) <1 = VeeX, d(f(z),g(z) <1 = VeeX, d(f(z),9(z) =d(f(x),9(x) = p(f,9)=p(f9);
p(f,9)>1 = Jxo € X, d(f(x0),9(x0)) >1 = d(f(z0),9(z0)) =1= p(f,g9)=1;

Hence we obtain a simple relation between the supremum metric p and the uniform metric p:

p(.fvg) = min{ﬁ(fvg)71}'

Applying [Theorem 7.16|and [Lemma 7.2 (ii)|, we conclude that (B(X,Y), p) is complete if (Y, d) is complete.

(ii) Suppose X is a compact space. Then for any f € C(X,Y), f(X) is compact. Hence it is always bounded
inY, and f € B(X,Y). In this case, C(X,Y) is a closed subspace of B(X,Y). Furthermore, if the metric
space (Y, d) is complete, then (C(X,Y), p) is also complete.

In the remaining part of this section, we investigate the compactness in function spaces.
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Definition 7.19 (Equicontinuity). Let X be a topological space and let (Y, d) be a metric space. Let F be
a subset of the function space C(X,Y). Given xg € X, the function class F is said to be equicontinuous at x
if for any € > 0, there exists a neighborhood U of z¢ such that d(f(z), f(zo)) < € for all x € U and all f € F.
If F is equicontinuous at xg for all ¢ € X, then F is said simply to be equicontinuous.

Remark. By definition, any finite subset of C'(X,Y) is equicontinuous. Furthermore, equicontinuity depends

on the specific metric d rather than merely on the topology of Y.

Lemma 7.20. Let X be a topological space and let (Y, d) be a metric space. Let F be a subset of C'(X,Y).

If F is totally bounded under the uniform metric corresponding to d, then F is equicontinuous under d.

Proof. Suppose F is totally bounded. Given € € (0,1) and g € X, we wish to find a neighborhood U of zg
such that d(f(z), f(x0)) < eforall z € U and all f € F.
Since F is totally bounded, we cover F by finitely many e/3-balls

€ €
) (flvg) P aO(fnag)
in C(X,Y). For each j = 1,---,n, f; is continuous, and we can choose a neighborhood U; of z( such that
d(f;(z), fj(x0)) < /3 for all x € U;. We show that U = (7_, U; is the desired neighborhood of .
Let f be any function in F. Then there exists 1 < k < n such that p(f, fx) < €/3, where p is the uniform

metric corresponding to d. By definition, we have for all x € X that

A (J(@). Ju(@) = A(f(@), fi@) < p(F.Jo) < 5

For all x € U, x € Uj. Therefore

d(f(x), f(xo)) < d(f(x), fi(x)) +d (fr(x), fr(xo)) +d (fr(x0), f(20)) <€,

<e/3 <e/3 <e/3

which concludes the proof. O

The converse of holds if we introduce some additional assumptions.

Lemma 7.21. Let X be a compact space and let (Y, d) be a compact metric space. Let F be a subset of
C(X,Y). If F is equicontinuous under d, then F is totally bounded under both the uniform and supremum

metrics corresponding to d.

Proof. Since X is compact, the supremum metric p corresponding to d is well-defined on C(X,Y’). Since the
uniform metric p never exceeds the supremum metric p, and every e-ball under p is also an e-ball under p
whenever € < 1, total boundedness does not vary between p and p. Hence we use p throughout.

Assume F is equicontinuous. Given € > 0, we wish to find finitely many functions fi,---, fv € C(X,Y)
such that for every f € F, there exists [ € {1,---, N} such that p(f, fi) <e.

For each z € X, we can find an open set U, containing z such that d(f(z), f(z)) < €/3 for all x € U,

and f € F by equicontinuity of F. Since X is compact, we can choose finitely many z1, -,z € X with
Ule U, D X. For every x € X, there exists z; such that d(f(x), f(z)) < ¢/3.
For the compact metric space (Y, d), we choose finitely many €/6-balls Oy, --- ,O,, that cover the whole

space. Now for every tuple (4,5) € {1,--- ,k} x {1,--- ,m}, if there exists f € F such that f(z;) € Oy, then
we set this function as f;;. We prove that {f;;,1 <i <k,1 <j<m} C F is the desired finite subset.
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Given z € X, we choose 7 € {1,--- ,k} such that d(f(x), f(z:)) < ¢/3 for all f € F. Fix f € F, then f(z;)
is contained in some Oj, and we have f;; such that f;;(z;) € O;. As aresult, d(f(z:), fij(2i)) < €/3, and

d(f(z), fij (@) < d(f(@), f(z) + d(f(2), fij(z) + d (fi;(z), fis(x)) <e.
Since z is arbitrary, we have p(f, fi;) < €. Hence F is covered by the e-balls centered at {f;;}, as desired. [

Definition 7.22 (Pointwise boundedness). Let X be a set and let (Y, d) be a metric space. A subset F of
C(X,Y) is said to be pointwise bounded if for each x € X, the subset F(z) = {f(x) : f € F} of Y is bounded.

The Arzela—Ascoli theorem characterizes relatively compact subsets in space C(X,Y), where X is compact

and Y is a metric space in which all closed bounded subsets are compact.

Theorem 7.23 (Arzela—Ascoli). Let X be a compact space. Let (Y, d) be a metric space in which all closed
bounded subspaces are compact, and give C'(X,Y") the corresponding uniform topology. Then a subset F of
C(X,Y) is relatively compact if and only if F is equicontinuous and pointwisely bounded.

Proof. Since X is compact, the uniform topology on C(X,Y) is induced by the supremum metric p corre-

sponding to d, which is well-defined.

Step I: We first show that F is equicontinuous and pointwise bounded when it is relatively compact, from
which the “only if” direction follows.

By F is totally bounded under both p and p. Following it is equicontinuous
under d. To prove the pointwise boundedness, note that d(f(z),g(x)) < p(f, g) for all f,g € F and all x € X.

Hence the diameter of F(z) never exceeds that of F, which is bounded by compactness.

Step II: We show that if F is equicontinuous and pointwise bounded, so is F.

Suppose F is equicontinuous, and let g € F. For any € > 0, there exists f, € F such that p(f,,g) < €/3.
Now fix 29 € X. By equicontinuity of F, there exists a neighborhood U of xy in X such that d(f(x), f(xo)) <
¢/3 for all x € U and f € F. Then we have

d(g(x),g(z0)) < d(g(x), fo(2)) +d (f4(), fg(x0)) + d (fy(x0), 9(20)) <€ Vo €U.

Since g is arbitrary, F is equicontinuous at .
Now suppose F is pointwise bounded. For any € > 0 and g,h € F, there exists fgs fn € F such that
p(fq,9) < €/2 and p(frn,h) < €/2. Fix x € X, then

d(g(z),h(x)) < d(g(x), fo(x)) +d (fg(2), fu(2)) + d (fulz), h(x))
< p(fg:9) +d(fo(z), frn(x)) + p (fn, h) < diam(F(z)) +e.

Taking supremum with respect to g and h yields diam(F(x)) < diam(F(z)) < diam(F(z)) + ¢ for all € > 0.
Hence diam(F(x)) = diam(F(z)) < oo.

Step III: Let G = F. We show that there exists a compact subspace K of Y that contains the set
G(X) = Ugeg 9(X) = Upex 9(z) = {g(x) : g € G,z € X}

Fix ¢ > 0. For each z € X, we can choose an open neighborhood U, of z such that d(g(z),g(z)) < €
for all z € U, and all ¢ € G by equicontinuity of G. Following compactness of X, we choose finitely many
21, ,2n € X such that |J;_, U,, = X. By pointwise boundedness of G, G(z) is a bounded subset of ¥ for
each k, and the union (J;_; G(zx) is also bounded. Take any y € (J;_; G(zx), then Oy (y, D) D Up_; G(2k),
where D is the diameter of (J;_; G(2x). As a result, G(X) is contained in the open ball Oy (y, D + ¢€), and
K= W is the desired compact subspace of Y.
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Step IV: We show that G is complete and totally bounded. Then [Theorem 7.6 (ii)| implies that F is
relatively compact. Since G is a closed subspace of the complete space (C(X,Y), p), it is complete.

To show total boundedness of G under p, apply Step II states that G is equicontinuous under
metric d, and Step III implies that G C C(X, K), where (K, d) is a compact metric space. O

We also have the following criterion for compactness.

Corollary 7.24. Let X be a compact space. Let (Y,d) be a metric space in which all closed bounded
subspaces are compact, and give C(X,Y) the corresponding uniform topology. A subset F of C(X,Y) is

compact if and only if F is closed, bounded under p and equicontinuous under d.

Proof. If F is bounded under p, then it is pointwise bounded under d. If we further assume F is equicontinuous

under d, then F is relatively compact by Since F is closed, it is compact.
Conversely, if F is compact, then it is closed and bounded. By it is equicontinuous. O

Corollary 7.25 (Arzeld’s theorem). Let X be a compact space. Let (Y, d) be a metric space in which all
closed bounded subspaces are compact, and give C(X,Y) the corresponding uniform topology. If a sequence

(fn) is equicontinuous and pointwise bounded, then it has a uniformly convergent subsequence.

Proof. By [Theorem 7.23| the collection { f,,} is relatively compact. Then it is relatively sequentially compact,
i.e., it has a subsequence (fy,) under the supremum metric p that converges to some f € C(X,Y), which

implies f,,, = f. -

7.4 The Topologies of Pointwise and Compact Convergence

In addition to the uniform topology, there are other useful topologies on the function spaces YX and C(X,Y).

Definition 7.26 (Topology of pointwise convergence/point-open topology). Let X be a set, and let Y be a
topological space. Given a point x of X and an open set U in Y, let

Sz, U)={feYX: f(x)ec U}

The sets {S(x,U) : x € X, U is open in Y} are a subbasis for a topology on YX, which is called the topology

of pointwise convergence (or the point-open topology).

Remark. The set of all finite intersections of subbasis elements S(z,U) forms a basis for the topology of
pointwise convergence. Then a typical basis element containing the function f consists of all functions g that
are close to f at finitely many points. Note that if we use the tuple notation y = (ya)acx instead of the

functional notation f: X — Y, we have
S(B,U) ={y = Wa)aex EY* 1yp U} = ng(U).

It is seen that the topology of pointwise convergence is the product topology we introduced in [Definition 6.1
The terminology “topology of pointwise convergence” follows from We reformulate it below.

Lemma 7.27. A sequence f, : X — Y of functions converges to the function f in the topology of pointwise
convergence if and only if for each x € X, the sequence f,,(z) of points of Y converges to the point f(x).
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Remark. Let X be a topological space and let Y be a metric space. In|[Theorem 7.17, we have shown that
the function space C'(X,Y) is closed in the uniform topology. However, it is not necessarily closed in the
topology of pointwise convergence.

To see a counterexample, consider the sequence (f,,) in C([0,1],R), where f,(z) = 2™ for z € [0,1]. This

sequence converges to the function f = x(g,1, which is not continuous at point x = 0.

Definition 7.28 (Topology of compact convergence). Let X be a topological space and let (Y, d) be a metric
space. Given a point f of YX, a compact subspace C of X, and a number ¢ > 0, define Bo(f, €) by

Bo(f,e) = {g Y™ isupd(f(x),g(x)) < 6} :
zeC
Then the sets {Bco(f,€): f € YX, e >0 and C is a compact subset of X} form a basis for a topology on YX,

which is called the topology of compact convergence (or the topology of uniform convergence on compact sets).

Remark. We check that the sets Beo(f,¢) satisfy the conditions for a basis. It suffices to show that the
intersection of any two basis elements B, (f1,€1) and Be,(f2,€2) is a union of basis elements. We prove
that for every g € Be,(f1,€1) N Be,(f2, €2), there exists a basis element containing g and contained in this
intersection. Let

§ = min {61 - wsgg d(fi(x),g(x)),e2 — félg d(f2($)ag($))} > 0.

Then BC’1UC2(g36) - BC1 (flael) N BC2(f2762)7 since for any h e BC1UC’2(975)ﬂ

sup d (fi(z),h(z)) < sup {d(fi(z),g(x)) +d(9(z),h(z))} < sup d(fi(z),g(x)) +0 <e,
xzeCq zeCy zeCq

and the case for B, (f2, €2) is similar.

In contrast to the topology of pointwise convergence, a typical basis element of the topology of compact
convergence containing f requires a function g to be close to f at all points of some compact set rather than
merely at finitely many points. The choice of terminology “topology of compact convergence” is justified by
the following lemma.

Lemma 7.29. A sequence f, : X — Y of functions converges to the function f in the topology of compact

convergence if and only if for each compact subspace C' of X, the sequence f,|c converges uniformly to f|c.

Proof. For any compact subspace C' of X, we have
fale = fle & supd(fu(x), f(x)) = 0 < Ve >0, IN, € N such that f, € Bo(f,€) Vn > N..
zeC
Then the proof is immediate. O

Review. Up to now, we have three topologies for the function space YX when Y is a metric space. We
summarize the form of basis elements in these topologies below.
e The topology of pointwise convergence: given finitely many points z1,--- ,z, of X, a function f € YX
and a number € > 0,

B = {9 € Y™ & max a(Ja))g(e) <
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e The topology of compact convergence: given a compact subspace C' of X, a function f € YX and a

number € > 0,

Bo(f.c) = {g e YX ¢ supd(f(a), g(a)) < } :

zeC

e The uniform topology: given a function f € YX and a number € > 0,

By(f.0) = {ge Y™ :p(f.g) <} = {g e YX : sup d(f(x),g(x)) < }
reX

The relation between them is stated in the following theorem.

Theorem 7.30. Let X be a topological space, and let Y be a metric space. For the function space YX, the
topology .7, of pointwise convergence, the topology 7 of compact convergence, and the uniform topology .7,

admits the following inclusions:
I C T C Ty

If X is discrete, the first two coincide, and if X is compact, the second two coincide.

Proof. For the first inclusion, note that any basis element for .7, is also a basis element for .7, since the finite-
point sets are automatically compact. If X is discrete, then only the finite-point sets are compact because all
one-point sets are open, hence the bases for 7. and .7, are the same.

For the second inclusion, it suffices to show every basis element Bo(f,€) for 7. is an open set in 7.
For each g € Bc(f,¢€), set §; = € — sup,ccd(f(x),9(x)). Then B,(g,64) C Bec(g,d4) C Be(f,e€), and
Be(f,e) = UgeBC(ﬁe) B,(g,0,) is an open set in 7. If X is compact, then every basis element for .7, is also

a basis element for 7. O

Remark. By the collections of neighborhoods in the three topologies also admit the same
inclusions. Then we have the following relation between convergences:

Uniform convergence = Compact convergence = Pointwise convergence.

Now we introduce a special class of topological spaces called compactly generated spaces.

Definition 7.31 (Compactly generated spaces). A space X is said to be compactly generated if it satisfies
the following condition: a set A is open in X if AN C is open in C for each compact subspace C of X.

Remark. Another equivalent condition for compactly generated spaces requires a set B to be closed in X if

BNC is closed in C for each compact subspace C of X.

Lemma 7.32. If X is locally compact, or if X is first-countable, then X is compactly generated.

Proof. Let X be locally compact and let A be a set such that AN C' is open in C for each compact subspace
C of X. Given x € A, choose an open neighborhood U of x such that U lies in a compact subspace C of X.
Then ANC is open in C' by assumption, and ANU is open in U, hence is open in X. Therefore A contains a
neighborhood of x in X for each x € A.

Let X be first-countable and let B be a set such that BN C is closed in C' for each compact subspace C

of X. Given z € B, we show that # € B. Since X has a countable basis at x, we can find a sequence (x,,) of

48



points of B such that x,, — x. The subspace C = {z,,n € N} N {z} is compact, because for each open set
U > z, C\U contains only finitely many points of C. By assumption, BN C is closed in C, and z € BN C.
Therefore, x € B, and B is closed, as desired. O

Lemma 7.33. Let X be a compact generated space and let f : X — Y. Then f is continuous if the
restriction f|¢ is continuous for each compact subspace C of X.

Proof. Let V be an open set in Y. We show that f~(V) is open in X. The restriction f|lc : C — Y is
continuous for each compact subspace C' of X, the set

et vV)y=f(v)nc

is open in C. Since X is compactly generated, f~1(V) is open in X. O

A crucial fact about continuous functions on compactly generated spaces is the following.

Theorem 7.34. Let X be a compact generated space and let (Y, d) be a metric space. Then C(X,Y) is a
closed subspace of YX in the topology of compact convergence.

Proof. Let f be a limit point of C(X,Y), we wish to show that f is continuous. By it suffices to
show that f|co is continuous for each compact subspace C of X.

For each n € N, consider the neighborhood Be(f,1/n) of f, which intersects C(X,Y). So we choose
fn € Be(f,1/n)NC(X,Y). Then f,|c : C — Y converges uniformly to f|c. By the uniform limit theorem,
fle is continuous. O

An immediate corollary is stated below.

Corollary 7.35. Let X be a compact generated space and let (Y,d) be a metric space. If a sequence of
continuous functions f,, : X — Y converges to a function f € YX in the topology of compact convergence,
then f is continuous.

Now we consider another topology on function spaces.

Definition 7.36 (Compact-open topology). Let X and Y be topological spaces. Given a compact subspace
C of X and an open set U of Y, define

S(C,U)={f € C(X,Y): f(C) C U}.

The sets {S(C,U) : C is a compact subspace of X, U is an open set in Y} form a subbasis for a topology on
C(X,Y) that is called the compact-open topology.

Clearly, the compact-open topology is finer than the topology of pointwise convergence. In fact, we can
establish the equivalence between the topology of compact convergence and the compact-open topology on the
subspace C(X,Y).

Theorem 7.37. Let X be a space and let (Y, d) be a metric space. On the set C'(X,Y’), the compact-open
topology and the topology of compact convergence coincide.

Proof. Step I: Given a subset A of Y and € > 0, let O(A,¢) = (J,c 4 O(a,¢). If Ais a compact subset of ¥
and V' is an open set containing A, then U(A,e) C V for € = minge 4 d(a, X\V) > 0.
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Step 1I: We first prove that the topology of compact convergence is finer than the compact-open topology.
It suffices to show that every S(C,U) is open in the topology of compact convergence. We show that for
each f € S(C,U), there exists a basis element Bco(f,€) contained in S(C,U). Since C is compact and f
is continuous, f(C') is compact. By Step I, there exists ¢ > 0 such that O(f(C),e) C U. Then for any
g € Be(f,€), supec d(f(x),g(x)) < e, and g(C) C O(f(C),e) C U. Hence Be(f,e) C S(C,U).

Step II1: We then prove that the compact-open topology is finer than the topology of compact convergence.
Since every open set in the topology of compact convergence contains some Bo(f, €) for each of its element f,
it suffices to find a basis element B for the compact-open topology such that f € B C Bao(f,€).

For each x € X, we can choose a neighborhood U,, such that f(U,) C O(f(z),e/4) by continuity of f. Then
f(U,) C O(f(x),€/3). Since C is compact, we cover it by finitely many U,,,--- ,U,,, and set C; = U,, N C,
which is compact for each i. Let

= €
B= Qs (cz-,o (f(xi), g)) .
Clearly, we have f(C;) C f(Uy,) C O(f(x;),€/3) for each i. This implies f € B. For any g € B, we also
have ¢g(C;) C O(f(x;),€/3). Given z € C, we have x € C; for some i. Then

d(f (@), 9(x)) < d(f(x), (i) + d(f(z:), g(x)) < 2¢/3.
Hence sup,cc d(f(z),g(z)) < 2¢/3 < €, which implies B C Bo(f,€). Thus B is the desired basis element. [J

The following corollary is immediately implied by

Corollary 7.38. Let Y be a metric space. The topology of compact convergence on C(X,Y’) does not
depend on the metric of Y. As a result, if X is compact, the uniform topology on C'(X,Y) does not depend
on the metric of Y.

Another important fact about the compact-open topology is that it satisfies the requirement of joint

continuity: the expression f(x) is continuous jointly in both the variables z and f.

Theorem 7.39 (Continuous evaluation map). Give C(X,Y) the compact-open topology, and define the
evaluation map e : X x C(X,Y) — Y by the equation e(z, f) = f(x). If X is locally compact Hausdorff, then

the evaluation map e is continuous.

Proof. Given a point (z, f) of X x C(X,Y) and an open set V in Y containing the image point e(z, ) = f(x),
we wish to find a neighborhood W of (z, f) such that e(W) C V.

The function f € C(X,Y), the inverse image f~!(V) is open. By [Theorem 4.40, we can find an open set
U > x of which the closure U is compact and contained in f~(V), since X is locally compact Hausdorff.

Then f belongs to the subbasis element S(U, V) for the compact-open topology, and W = U x S(U, V) is the
desired neighborhood of (z, f). O

Remark. For any 2 € X, the evaluation functional e(x,-) : C(X,Y) — Y is in fact the restriction of
projection map 7, : YX =Y on C(X,Y).

Definition 7.40 (Induced map). Given a continuous function f : X x Z — Y, there is a corresponding
function F' : Z — C(X,Y), defined by the equation

(F(2)(x) = f(x,2).
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Conversely, given F : Z — C(X,Y), this equation defines a corresponding function f : X x Z — Y. We say
that F' is the map of Z into C(X,Y’) that is induced by f.

Remark. We need to check that F(z) : x — f(z, 2) is a continuous function from X to Y. Let V be an open
set in Y. We show that (F(z))"'(V) = {z: (z,2) € f~(V)} is an open set in X: for any z € (F(2))~!(V),
there is a basis element U x W containing (z,z) and contained in f~*(V). Then z € U C (F(z))~}(V).

Theorem 7.41. Let X, Y and Z be topological spaces, and give C(X,Y’) the compact-open topology. If
f: X xZ =Y is continuous, then so is the induced map F : Z — C(X,Y). The converse holds if X is locally

compact Hausdorff.

Proof. Suppose f : X x Z is continuous. To prove the continuity of F', we take zg € Z and show that the
inverse image of any basis element S(C, V') containing F'(zp) is a neighborhood of zj in Z.

Since F(z9) € S(C,V), we have f(C x {z}) C V. The continuity of f implies that f~1(V') is open in
C x Z. As a result, the intersection f~1(V) N C x Z is an open set in the subspace C' x Z containing the
slice C' x {z9}. By tube lemma , there exists a neighborhood U, of zp in Z such that the tube
C xU,, C f~4V). Then we have f(x,z) € V for any (z,2) € C x U,,, which implies F(U,,) C S(C,V).

Conversely, suppose X is a locally compact Hausdorff space and F is continuous. Then the evaluation
map e is continuous. Note that f : X x Z — Y satisfies f(z,2) = e(x, F(z)). Hence f as the composition

eo (ix x F) is continuous. O

Finally, we introduce a more general version of Arzela-Ascoli theorem.

Theorem 7.42 (Ascoli’s theorem). Let X be a topological space and let (Y, d) be a metric space. Give the
space C(X,Y) the topology of compact convergence. Let F be a subset of C(X,Y).
(i) If F is equicontinuous under d and the set F(x) = {f(x) : f € F} is relatively compact for each x € X,
then F is a relatively compact subset of C(X,Y).
(ii) The converse holds if X is locally compact Hausdorff.

Proof. (i) Step I: We first show that F is relatively compact in the topology of pointwise convergence on Y.

By assumption, F(z) is a compact subspace of Y for each z € X. By the Tychonoff theorem (Theorem 6.8]),
the product space

[T 7@

zeX

is a compact set in the topology of pointwise convergence on Y X that contains F.

Now we show that YX given the topology of pointwise convergence is Hausdorff, which implies the relative
compactness of F. Given distinct functions f,g € Y X, there exists € X such that f(z) # g(x). Choose
disjoint open sets U 3 f(z) and V 3 g(x) in Y, then S(z,U) and S(z,V) are disjoint subbasis elements that

containing f and g, respectively.

Step II: Let G be the closure of F in the pointwise convergence topology on YX. We prove G C C(X,Y).

Let g be a limit point of F, zg € X, and € > 0. By equicontinuity of F, there exists a neighborhood
U of zg such that d(f(x), f(xo)) < €¢/3 for all € U and f € F. Then for any x € U, the basis element
S(z,0(g(x),€/3)) NS (w0, 0(g(wo), €/3)) intersects F. Choose some f from this intersection, we have

d(g(x), 9(wo)) < d(g(x), f(x)) + d(f(2), f(20)) + d(f(20), 9(w0)) < €.

Hence g is continuous. Moreover, the closure G is also equicontinuous.
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Step III: We prove that the topology of pointwise convergence and the topology of compact convergence
coincides on G. By the latter is finer than the former. We need to prove the converse.

Given a basis element B (g, €) NG for the topology of compact convergence, we wish to find a basis element
BN G for the topology of pointwise convergence, which contains g and is contained by Bc(g,e) N G. Using
the compactness of C' and the equicontinuity of G, we choose finitely many x;,--- ,x, € C such that for every
x € X, there exists j satisfying

. Vheg. (*)

Then we let the desired basis element be
i €
1= 5200 (o0 5).

For any h € BN G and x € C, we choose an index j satisfying (*), then

3e

d(g(z), M(z)) < d(g(2), g(z;)) + d(g(z;), h(z;)) + d (h(z;), h(2)) <

Then sup,cc d(g(x), h(z)) < 3e/4 < ¢, as desired.

Step IV: By Steps I and III, G is also compact in the topology of compact convergence. Following Step I
and [Theorem 7.30 the space C'(X,Y") given the the topology of compact convergence is also Hausdorff. Hence
F C G is relatively compact in the topology of compact convergence.

(ii) Let F be a relatively compact subset of C(X,Y’). We show that the closure H of F is equicontinuous
under d and that H(x) = {h(z) : h € H} is compact for each z € X.

We first show the equicontinuity of H under d. Given zy € X, choose a compact subspace K of X containing
a neighborhood U of zg. It suffices to show the equicontinuity of H|x = {f|x : f € H} at z(.

We define the restriction map rx : C(X,Y) — C(K,Y), f — f|k, and give both spaces the topology of
compact convergence. Then the inverse image of every basis element Bo(f|k,€) under rx contains Bo(f, €),
which implies the continuity of rx. Hence H|x = rk(#H) is compact. Since K is compact, the uniform and
compact convergence topologies coincide on C'(K,Y’). By Theorem 7.7 is totally bounded under the uniform
metric. The equicontinuity of H|x follows from

Next we show the compactness of H(z) = {h(z) : h € H} for each z € X. We define j, : C(X,Y) = X X

C(X,Y), f— (z,f), which is clearly continuous. By [Theorem 7.39| the evaluation map e¢: X x C(X,Y) =Y
is continuous. Since H(z) = e(z,H) is the image of H under the composition e o j, it is compact. O
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8 Potpourri

8.1 Net

The concept of net is introduced to generalize the definition of sequence, which is viewed as a mapping from

the natural number set N into a target set X.

Definition 8.1 (Directed set and net). A directed set is a set I equipped with a binary relation < such that
e i X¢foralleel;
e Ifi Xjand j <k, then i < k;
e For every i,j € I there exists k € I such that « < k and j < k.

We also write j = i for ¢ < j. A net in a set X is a mapping i — x; from a directed set I into X. We denote

such a mapping by (z;);cs, and we call it a net indexed by I.
Like the sequences, we can discuss the convergence property of nets.

Definition 8.2 (Nets in topological spaces). Let X be a topological space, A C X, and € X. Let I be a
directed set, and let (x;);es; be a net in X.

o (z;)ier is said to be eventually in A if there exists ig € I such that x; € A for all i = ig;

o (x;)icr is said to be frequently in A if for every i € I there exists j = 4 such that z; € A4;

o (z;)icr is said to converge to x if it is eventually in every neighborhood of x;

e x is said to be a cluster point of (x;);cs if it is frequently in every neighborhood of x.

Example. Here are some examples of directed sets:

e The set of positive integers N, with ¢ < j if and only if ¢ < j.

e The set R\{a}, with < y if and only if |z —a| > |y — a].

e The set of all partitions (z;)}_, of a compact interval [a,b] (i.e. a =29 < x; < --+ <z, = b), with
(xj);-’zo = (yr)iro if and only if maxi<j<p |€; — £j_1| > maxi<k<m |Yx — Yx—1|. This set is used in the
definition of the Riemann integral.

e The set A4 of all neighborhoods of a point x in a topological space X, with .4 directed by reverse
inclusion, i.e. U XV if and only if U D V.

e The Cartesian product I x J of two directed sets, with (4,7) < (¢/,5’) if and only if i <4’ and j < 7.

Proposition 8.3. Let X be a topological space, A C X, and x € X. Then x is a limit point of A if and only
if there is a net in A\{x} that converges to x, and x € A if and only if there is a net in A that converges to x.

Proof. Let x be a limit point of E, and let .4 be the set of neighborhoods of x directed by reverse inclusion.
For each U € A/, take xy € U\{z}. Then the net zyy — x. Conversely, if (x;);cr is a net in A\{z} that
converges to x, then every punctured neighborhood of x contains some x;, and x is a limit point of A. The
second result follows by noting that A contains the set A itself and the limit points of A. O

We provide an analogue of Theorem The property can be generalized to nets, which allows us to drop
the requirement of first countability.

Proposition 8.4. Let X and Y be two topological spaces. A function f : X — 'Y is continuous at x € X if

and only if for every net (x;);er converging to x, the net (f(x;))icr converges to f(z) inY.

Proof. If f is continuous at z and V C Y is a neighborhood of f(xz), then f~!(V) is a neighborhood of x. For
any net (z;);e; with x; — =, it is eventually in f=(V), and (f(z;))ies is eventually in V. Hence f(x;) — f(z).

On the other hand, if f is not continuous at z, there is a neighborhood V of f(x) such that f=*(V) is not
a neighborhood of x. Hence = ¢ (f~*(V)), and = € f~1(V¢). By Proposition there exists a net (x;);cr in
F71(V®) that converges to z. But then f(z;) € V, so f(z;) 4 f(z). O
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Similarly, the definition of subnet generalizes the idea of subsequence.

Definition 8.5. A subnet of a net (x;);cr is a net (y;);jes together with a map j — ¢; from J to I such that
(i) for every ig € I there exists jo € J such that i; = io for all j = jo, and (ii) y; = x;;. We also write (2;);jes

for the subnet. Clearly, if the net (z;);c; converges to x, so does any subnet (z;,);e..

Remark. Though we use the term “subnet” here, we point out that the set J can have greater cardinality

than I, and the mapping j — i may not be injective.

Proposition 8.6. If (x;);cs is a net in a topological space X, then x € X is a cluster point of (x;);er if and

only if (x;)ier has a subnet that converges to x.

Proof. Let (yj)jes = (v;)jes be a subnet of (x;);cr converging to x. Given any neighborhood U of x, we
choose j; € J such that y; € U for j > j;. Also, for any iy € I, we take jo € J such that i; > iy for all j = ja.
We take j € J with j = j1 and j = ja. Then i; = ig and x;; = y; € U. Hence (z;);es is frequently in U, and
x is a cluster point of (z;);ey.

Conversely, if x is a cluster point of (z;);cr, let A4 be the set of neighborhoods of x directed by reverse
inclusion. To proceed, we counsider the directed set 4" x I, where (U,4) < (U’,#') if and only if U D U’ and
i X4'. For each (U, j) € A x I, take iy ;) € I such that iy ;) = j and z;,, , € U. Then if (U’,j') = (U, ),

i(U’,j’) t j/ t j, and xi(U’,j’) S U/ cU.

Hence (i, ;) .j)es x1 is a subnet that converges to . O

Recall that any sequence in a Hausdorff space converges to at most one point. A similar property also

holds for nets, and we can even characterize a Hausdorff space by this property.

Proposition 8.7 (Characterization of Hausdorff space). A topological space X is Hausdorff if and only if

every net in X converges to at most one point.

Proof. Assume that X is Hausdorff and (x;);cs is a net in X that converges to . If y # z, we can find two
disjoint neighborhood U, and U,,. Since (z;);cr is eventually in Uy, it is not eventually in U, and x; /4 .
On the other hand, if X is not Hausdorff, let x and y be distinct points with no disjoint neighborhoods.
We consider the set .4, x .4, directed by reverse inclusion, where .4, and .4}, are the sets of neighborhoods
of x and y, respectively. For each (U, V) € A, x A, take x(y,yy € UNV. Then the net {zw,v)}w,vyes, xs,

converges to both z and y. O

8.2 Topological Vector Space (TVS)

The vector space is an algebraic structure that is closed under addition and scalar multiplication. In this

section, we discuss how the algebraic properties interact with topological properties.

Definition 8.8 (Topological vector space). A topological vector space (TVS) is a vector space X over the
field K (=R or C) which is endowed with a topology such that the mappings (x,y) — = +y and (\,z) — Az
are continuous from X x X and K x X to X.

Endowed with the vector operations, it is possible to discuss the convexity.

Definition 8.9 (Locally convex TVS). A topological vector space is said to be locally convex if there is a

basis for the topology consisting of convex sets.

The most common way of defining locally convex topologies on vector spaces is in terms of seminorms.
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Theorem 8.10 (Characterization of locally convex TVS). Let {pa}aca be a family of seminorms on the
vector space X. For each x € X, a € A and € > 0, define

U;,a:{yeX:pa(y—x)<e},

and define T to be the topology generated by the sets Uy .
(i) For each x € X, the finite intersections of sets Ug , (a € A,e > 0) form a neighborhood basis at x.
(i) If (z;)ier is a net in X, then x; — x if and only if po(z; — x) = 0 for all « € A.

(i11) (X,T) is a locally convex topological vector space.

Proof. (i) Every neighborhood of  must contain a finite intersection (i, Uz’ o,. Let §; = €; — pa(z — x;5).
By triangle inequality, we have z € _, Ugfaj CNy U o,

(ii) Following (i), every neighborhood of z contains some set Ug ,. We fix a € A. It suffices to observe
that po(z; — x) — 0 if and only if (z;)ies is eventually in Uy , for every € > 0.

(iii) The continuity of vector operations follows from Proposition Indeed, if nets x; — =, y; — y and
A; = A, then ()\;) is bounded, and

Pal(®i +vi) — (x+y)) < palxi — ) + palyi —y) = 0,
Pa(Nizi — Ax) < |Nilpa(ri — ) + |Ai — Apa(x) — 0.

Hence z; +y; — = +y and \;z; — Az, and (X,7) is a topological vector space by (ii). Furthermore, if
Y, 2 € U;’a and 0 < A <1, we have

Pa(Ay+ (1 =Nz —2) < Apa(y — ) + (1 — Mpa(z — ) <,

and US , is a convex set. By (i), the basis for 7 consists of convex sets, and the local convexity follows. O

T,o
In topological vector spaces, the continuity of linear maps is also associated to boundedness.

Proposition 8.11. Let X and Y be topological vector spaces with topologies defined, respectively, by families
{Pataca and {qs}pen of seminorms. Let T : X — Y be a linear map. Then T is continuous if and only if
for each B € B, there exists a1, -+ ,a € A and C > 0 such that q3(Tx) < C’Z?:lpaj (z) for allz € X.

Proof. Suppose the latter condition holds, and take a net (z;);c; converging to x. By Theorem (b),

we have po(z — ;) — 0 for all & € A, and ¢g(Tx; — Tz) — 0 for all § € B. Hence Tz; — Tz, and T is

continuous by Proposition Conversely, if T is continuous,then for every 5 € B there is a neighborhood U

of 0 in X such that gg(Tz) < 1 for all x € U. By Theorem (a), we may assume U = ﬂle Usla,, and let

€ =min{ey, -, ex}. Then gg(Tz) < 1 whenever p,,(x) < € for all j. Given z € X, one of the following holds:
e If po,(x) > 0 for some j, let y = ex/ Z§:1 Pa; (). Then pg,(y) < ¢ for all j, and

k k
05(T2) < =3 po, (2)as(T) < = 3 pay (@), (31)
Jj=1 j=1

o If po,(x) = 0 for all j, then p,, (Az) = 0 for all j and all X > 0, and
Agg(Tx) = gg(T(Ax)) <1, VYA>0.

Hence qg(T'z) = 0, and the estimate (8.1]) also holds in this case. O
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Theorem 8.12. Let X be a topological vector space with topology defined by the family {pa}aca of seminorms.
(i) X is a Hausdorff space if and only if for each x # 0, there exists o € A such that p(x) # 0.
(i) If X is Hausdorff and A is countable, then X is metrizable with a translation invariant metric p, i.e
plr,y) =plx+ 2,y + 2) for all x,y,z € X.

Proof. (i) If X is a Hausdorff space, we can separate 0 and any nonzero x € X by disjoint neighborhoods
Nizy Uy, and ﬂ;.lzl . Since = ¢ (;_; Ug',,, we have p,, (x) > €; > 0 for at least one ay.
Conversely, if the latter condition holds, we separate 0 and any nonzero x € X by disjoint Ug , and Uy ,,

where € = %pa (z) > 0. For any distinct pair z,y € X, we separate 0 and « — y. Hence X is Hausdorff.
(ii) We suppose X is topologized by countably many seminorms (p,,)52 ;. We define p: X x X — Ry by

oo

o —Yy)
plx,y) = "7, z,y € X.
Z 1+pnx_y)

Clearly this mapping is translation invariant, and it remains to verify that p is a metric on X.
o If z # y, since X is Hausdorff, there exists n € N such that p,(x — y) # 0, and p(z,y) > 0.
e The symmetry p(z,y) = p(y, z) follows from the homogeneity of seminorm.

e For all z,y,z € X, we have p,(z — 2) < pn(x —y) + pn(y — 2) for all n € N, and

o0

p(x7z)=§:2—”u <3 o Pn(® —y) +puly — 2)

1+ pu(z—2) L+ pn(z —y) +puly — 2)

n=1 n=1

— pn(z — ) o Py — 2)
e N R ES s D DL e

n=1 n=1 L= y) +pn(y o Z)
(oo} oo
—-n pﬂ(z B y) —-n pn(y B Z)
gE 2 74—5 27N ————— = p(x,y) + ply, 2).
o lapar—y) 0 1+paly—2) ®3) + o1, 2)

Now we show that the p indeed induces the topology on X. We denote by 7, the topology induced by p. Since
any base set ﬂ 1 Us’n,; contains the open ball B,(z,€), where € = min{2~™ T 27 g
topology 7, is ﬁner than 7. On the other hand, for any open ball B,(x,€), we choose 2~ N < e/ 2. Then all

ye UM, U2, with § = ¢/N, satisfy

£}, the metric

- —n pnx_y) i —n pﬂ(x_y) —N
Z 7<Zz B A V)

— L+pu(z—y) = = 1+ pn(z—y)
ol ) €
< 27— 4+ - <
> Z 110 + 3 €
n=1
Hence U ,, is contained in B,(x,€), and T is finer than 7,. To summarize, 7 and 7, coincide. O

We can generalize the concept of Cauchy property of sequences to nets.

Definition 8.13 (Cauchy net and completeness). Let X be a topological vector space. A net (z;);er in X is
said to be a Cauchy net if the net (z; — ;) j)erxs converges to 0, where I x I is directed in the usual way,
ie. (i,7) < (¢,7") if and only if ¢ < ¢’ and j = j'. Furthermore, the space X is said to be complete if every
Cauchy sequence in X converges.

When determining the completeness of a first countable topological vector space, it suffices to consider
Cauchy sequences.

Theorem 8.14. Let X be a first countable topological vector space. Then X is complete if and only if every

Cauchy sequence in X converges.
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We require some technical result to prove the theorem.

Lemma 8.15. Let X be a topological vector space. If W C X is an neighborhood of 0, then there ezists a
neighborhood U of X such that U +U C W.

Proof. Since the addition operation p : X x X — X is continuous at (0, 0), the set p~*(W) is a neighborhood
of (0,0) in the product topology on X x X, and there exist base sets Vi,V5 3 0 such that V; + Vo, C W.
Putting U = V; NV, we get the desired property U +U C W. O

Proof of Theorem[8.1] The “only if” direction is easy since every Cauchy sequence is also a Cauchy net.
Conversely, assume every Cauchy sequence in X converges. If (z;);cr is a Cauchy net, the net (x; —x;) jyerxr
converges to 0. Take a countable basis (U, )52 ; at 0, and take an index sequence i1 < i3 < --- in I such that
x; —x; € Uy, for all 4, j = i,. Then the net (x;, — 2, )k m)enxn is eventually in every U,,, hence converges to
0. As a result, (z;,)ren is a Cauchy sequence, which converges to some z € X.

Now we show that that (x; — z);e; converges to 0. By Lemma if W is a neighborhood of 0, there is a
neighborhood U of 0 such that U + U C W. Therefore the sets V,, = U, + U,, also form a neighborhood basis
at 0. We argue that (x; —x);cs is eventually in each V;,. Since x;, — x, we take k € N such that ; —2 € U,
for all m > k. Then for all i > max{iy,i,}, we take m > max{k,n} to obtain

xi—x:(xi—xim)—l—(wim—x)GUn+Un=Vn~

Thus 2; — 2 — 0, and the net (x;);c; converges to x. O

Finally we introduce the definition of Fréchet space, which is a generalization of the Banach space.

Definition 8.16 (Fréchet space). Let X be a topological vector space. X is called a Fréchet space if it satisfies
the following three properties:

(i) X is a Hausdorff space,

(i) the topology of X is induced by a countable family of seminorms (p, )5, and

(iii) X is complete (with respect to the family of seminorms).

Remark. By Theorem the property (ii) implies that X is first countable. Therefore, to determine
completeness, it suffices to consider the Cauchy sequences in X.

Example. Following are some examples of Fréchet spaces.
e Every Banach space is a Fréchet space, as the norm induces a translation-invariant metric and the space

is complete with respect to this metric.

1
loc

e The space L .(R") of locally integrable functions on R™ is a Fréchet space with the topology induced

by the seminorms
)= [ lf@lds, nen.
{lz<n}
e The Schwartz space S(R™) is a class of fast decreasing C'* functions. To be specific,
S(R™) = {f € C*=(R"™) : sup (1+ |z|)V]0%f| < oo, forall N € Ny, a € Ng}
TER™

This is a Fréchet space with the topology induced by the norms

, N eNp,aeNg.

1 fll(v.ay = sup [(1+ [2))No° f
zER™
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8.3 The Krein-Milman Theorem

The Krein-Milman theorem is a general result about compact convex subsets of a locally convex Hausdorff

topological vector space. We first give the definition of extreme point and face.

Definition 8.17 (Extreme point and face). Let X be a topological vector space and let K C X be a nonempty
convex subset.
(i) A point z of K is called an extreme point of K if there do not exist y,z € K and 0 < A < 1 such that
Ay + (1 — A)z = 2. We denote by ext(K) the set of extreme points of K.
(ii) A nonempty convex subset F' C K is called a face of K if for all z,y € K and 0 < A < 1 such that
Az + (1= Ny € F, we have z,y € F.

Remark. A point z € K is an extreme point of K if and only if the singleton {z} is a face of K.

Lemma 8.18. Let X be a vector space, and let A, B,C be convex subsets of K. If B is a face of A and C is
a face of B, then C is a face of A.

Proof. Let z,y € Aand 0 <A < 1. f Az + (1 — ANy € C, since C C B and B is a face of A, we have z,y € B.
Again, since C' is a face of B, we have x,y € C. Therefore C is a face of A. O

Lemma 8.19. Let X be a locally convexr Hausdorff topological space. If K € & is a compact conver set and

£: X — R is a continuous linear functional, the set

Fy = {x € K :{(x) = sup f(y)}

yeK
is a nonempty compact convex subset of K, and Fy is a face of K.

Proof. We abbreviate ¢ = sup,,c x £(y).
e Since K is compact and ¢ is continuous, there exists z € K such that ¢(x) = ¢, and F is nonempty.
e Since X is Hausdorff and ¢ is continuous, both K and ¢£=*({c}) is closed. Hence F} is closed and compact.
e Since K is convex and f is linear, £~!({c}) is convex, and so is F.

To summarize, F' is nonempty, compact and convex. To prove that F' is a face of K, we fix z,y € K and
0 < X < 1such that Az 4+ (1 =Xy € F. Then M(z) + (1 — N)l(y) = £(Ax + (1 — X)y) = c. Since both ¢(z) and
¢(y) are no greater than ¢, we have {(z) = {(y) = ¢, and z,y € F. Hence F} is a face of K. O

Lemma 8.20 (Existence). Let X be a locally convex Hausdorff topological vector space, and let K C X be a

nonempty compact convex set. Then the set of extreme points of K is nonempty.

Proof. The proof is divided to three steps.

Step I. Let J# be the set of all nonempty compact convex subset of X, and define the relation < on £ by
F < K if and only if F is a face of K. By Lemma (K, X) is a partially ordered set. Since X is Hausdorff,
every nonempty chain 4 C %" has a infimum Cy = (e C € F.

Step II. We claim that every minimal element of J# is a singleton.

If K C 2 is not a singleton, we take z,y € K such that = # y and take a convex open neighborhood
U of x that does not contain y. Using the hyperplane separation theorem, there exists a continuous linear
functional £ : X — R such that £(y) < {(z) for all z € U. By Lemma|[8.19] the set Fy € % is a face of K and
y € K\F. Hence K is not a minimal element of J¢".

Step IV. By Step I and Zorn’s lemma, there exists a minimal element £ C J#. By Step III, the minimal
element FE is a singleton {z}. Then z € ext(K). O

Now we introduce the Krein-Milman theorem.
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Theorem 8.21 (Krein-Milman theorem). Let X be a locally convexr Hausdorff topological vector space, and

let K C X be a nonempty compact convex set. Then K is the closed convex hull of its extreme points, i.e.
K = conv(ext(K)).

Proof. Following the proof of Lemma we have K € . To prove the desired result, it suffices to
show K C conv(ext(K)). We argue by contradiction. If x € K\conv(ext(K)), there exists an open convex
neighborhood U C X of = such that U N conv(ext(K)) = 0. Since ext(K) is nonempty by Lemma
there exists a continuous linear functional ¢ such that £(z) > sup,ceomv(ext(x)) £(¥). By Lemma the set
Fy={z € K: f(z) =sup f(K)} is a face of K and F; Next(K) = (. On the other hand, by Lemma[8.20] the
compact convex set Fy has an extreme point z, which is also an extreme point of K by Lemma [8.I8 This
contradicts the fact that Fy Next(K) = 0. Thus we complete the proof. O
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8.4 The Stone-Weierstrass Theorem

The classical Stone-Weierstrass theorem asserts that each continuous function on a closed interval [a, b] can
be approximated by a polynomial under the uniform metric. In this section, we discuss a generalized version
of the Stone-Weierstrass theorem. Throughout this section, X is a compact Hausdorff space, and C(X,R)
(resp. C(X)) is the space of all continuous real-valued (resp. complex-valued) functions on X equipped with
the uniform metric. Before we proceed, here is some useful concepts:
e A subset A of C(X,R) or C(X) is said to separate points of X, if for every x,y € X with x # y there
exists f € A such that f(z) # f(y).
e A set A of functions is called an algebra, if it is a real or complex vector space that is closed under
function multiplication, i.e. fg € A for all f,g € A. Clearly, C(X,R) and C(X) are algebras.
e A subset A of C(X,R) is called a lattice, if min{f, g} € A and max{f, g} € A for every pair f,g € A.
o A subset A of C'(X) is said to be non-vanishing, if for each x € X, there exists f € A with f(x) # 0.
e Since the algebra and lattice operations are continuous, if A is an algebra or a lattice, so is its closure A
under the uniform metric.

We first introduce the result in the real case.

Theorem 8.22 (Stone-Weierstrass theorem). Let X be a compact Hausdorff space. If A is a sub-algebra of
C(X,R) that separates points of X, then either A is dense in C(X,R) or A= {f € C(X,R): f(z¢) =0} for
some xg € X. The first alternative holds if and only if A is non-vanishing.

Lemma 8.23. Consider R? as an algebra under coordinate-wise addition and multiplication. Then the only

sub-algebras of R? are R?, {(0,0)}, span{(1,0)}, span{(0,1)} and span{(1,1)}.

Proof. Clearly, all the five subspaces of R? listed above are algebras. If A C R? is a nonzero algebra and
(0,0) # (a,b) € A, then (a?,b?) € A, and one of the following four cases holds:

If a #0,b+# 0 and a # b, then (a,b) and (a?,b?) are linearly independent, and A = R?;

If a=b+#0, then A = span{(1,1)};

If a # 0 and b # 0, then A = span{(1,0)};

o If a =0 and b # 0, then A = span{(0,1)}.

Then we conclude the proof. O

Lemma 8.24. For any € > 0, there is a polynomial P on [—1,1] such that P(0) =0 and

sup |P(z) — |z|]| <e.
ze[—1,1]

Proof. Consider the Taylor series of /1 — ¢:

= (2n — 3N ¢n =~ ..
1—t:1—ZT5=1—cht :
n=1

n=1
where ¢, > 0. This series converges for |t| < 1. By monotone convergence theorem,

o0

oo
ch:hm et =1 —limv1I—t=1.
— t11 1 t11

n=

Since Y >° | ¢, is finite, the series 1 — > > | ¢, t™ converges uniformly on [—1,1]. Therefore, given e > 0,
by taking a suitable partial sum of this series we obtain a polynomial @ such that [v/1 —t — Q(t)| < § for
t € [-1,1]. Setting t =1 — 22 and R(z) = Q(1 — x?), we obtain a polynomial R such that |R(x) — |z|| < § on

[—1,1]. Since |R(0)] = |Q(1)| < §, the desired polynomial is obtained by setting P(z) = R(z) — R(0). O
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Lemma 8.25. Let A be a sub-algebra of C(X,R). Then |f| € A for all f € A, and A is a lattice.

Proof. If f € Aand f #0, let h = f/||fllco. Then h(X) C [-1,1]. If € > 0 and P is as in Lemma we
have ||P o h — |h|||co < €. Since P(0) = 0, the function P o h has no constant term, hence is contained in the
algebra A. Letting € | 0, we have |h| € A, and |f| = || f|||h| € A. Note that

(f+g—1f—gl)-

N |

1 .
max{f,g} =5 (f+g+I[f—gl), min{f,g}=
Then the second result follows. O

Lemma 8.26. Let A be a lattice in C(X,R), and let f € C(X,R). If for every x,y € X, there exists a
function g, € A such that g.,(x) = f(z) and gy (y) = f(y), then f € A.

Proof. For every € > 0 and z,y € X, we take
Ugy = {z € X :f(2) <gay(z)+€}, and Viy = {z € X : f(2) > guy(2) — €}

These sets are open and contain z and y. By the compactness of X, for each y € X, there exists a finite
cover {Ug.  }j_; of X. We define g, = max{gs, " ,9z,,y}- Then f < g, +eon X, and f > g, — € on
Ve =Nj-y Vs, 4+ which is an open neighborhood of y.

Again, by the compactness of X, we take a finite cover {V;’yj }iy of X, and take g = min{gy,, -, gy,, }-
Then ||f — glls < €. Since A is a lattice, g € A, and f € A. O

Proof of Theorem[8.22. Given z,y € X with x # y, define

Ay ={(f(2), f(y)) : f € A}.

Then A, is a sub-algebra of R?, since f — (f(z), f(y)) is an algebra homomorphism. Since A separates
points in X, it cannot be {(0,0)} or the linear span of (1,1). By Lemma[8.23] one of the following cases holds:
o If A, , =R?forall z,y € X, by Lemmataand A=C(X,R).
o If A, , is span{(0,1)} or span{(1,0)} for some z,y € X, there exists zy € X such that f(x¢) = 0 for all
f € A. Since A separates points in X, there is only one such x. Furthermore, A, , = R? when neither
x nor y is xo. Again by Lemmataand A={f € C(X,R): f(xg) = 0}.
Finally, the first alternative holds if and only if A is non-vanishing. Thus we complete the proof. O

Theorem 8.27 (Stone-Weierstrass theorem). Let X be a compact Hausdorff space. If A is a sub-algebra of
C(X) that separates points of X and is closed under complex conjugation, then either A is dense in C(X) or
A={feC(X): f(xo) = 0} for some xg € X. The first alternative holds if and only if A is non-vanishing.

Proof. Since Ref = # and Imf = £ 2_2.7, the set Ag of real and imaginary parts of functions in A is a

sub-algebra of C(X,R) to which Theorem [8.22] applies. Since A = {f+1ig: f,g € Ar}, the result follows. [
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